
Ilupv Djjorphudwlrq dqg Xqlrqv

Slhuuh P1 SlfdugW

Xqlyhuvlw| ri Pdqfkhvwhu

Hulf Wrxohprqgh_h

Xqlyhuvlw| ri Qdpxu

Mxo| 4</ 5334

Devwudfw

Wklv sdshu ghyhorsv d prgho lq zklfk wkh lqwhudfwlrq ehwzhhq surg0

xfw pdunhw lpshuihfwlrqv/ wudqvsruwdwlrq frvwv/ xqlrqv dqg zrunhuv lp0

prelolw| dfurvv uhjlrqv fuhdwhv d whqghqf| iru djjorphudwlrq ri �upv

zkhq wudqvsruwdwlrq frvwv duh orz1 Wkh prgho �wv txlwh zhoo wkh Hx0

urshdq h{shulhqfh1 Lw lv deoh wr h{sodlq wkh hphujhqfh ri d fhqwhu0

shulskhu| sdwwhuq zlwk htxdoo| srsxodwhg uhjlrqv1 Lq wkh fhqwhu/ prvw

shrsoh zrun lq wkh xqlrql}hg lqgxvwu| dqg hduq odujh zdjhv1 Lq frq0

wudvw/ zrunhuv lq wkh shulskhu| duh hpsor|hg dw d orz zdjh lq d frqvwdqw

uhwxuq wr vfdoh lqgxvwu|1

MHO fodvvl�fdwlrq= I45/ I48/ M84/ U45

Nh|zrugv= Djjorphudwlrq/ Prqrsrolvwlf frpshwlwlrq/ xqlrqv1

WXqlyhuvlw| ri Pdqfkhvwhu/ Vfkrro ri Hfrqrplf Vwxglhv/ R{irug Urdg/ Pdqfkhvwhu

PS46 <SO1 H0pdlo= Slhuuh1SlfdugCpdq1df1xn1

_Fkdujì gh uhfkhufkhv dw wkh Qdwlrqdo Ixqg iru Vflhqwl�f Uhvhdufk +Ehojlxp,/

F1U1H1Z1 dqg J1U1H1E1H1/ Xqlyhuvlw| ri Qdpxu/ Ghsduwphqw ri Hfrqrplfv/ ; uhpsduw

gh od Ylhujh/ 8333 Qdpxu/ Ehojlxp1 Hpdlo= hulf1wrxohprqghCixqgs1df1eh1
hWkh dxwkruv wkdqn vhplqdu sduwlflsdqwv dw FRUH +Xqlyhuvlw| ri Orxydlq,/ VHV +Xql0

yhuvlw| ri Pdqfkhvwhu,/ wkh Xqlyhuvlw| ri Vrxwkdpswrq dqg wkh Xqlyhuvlw| ri Fdhq iru

khosixo frpphqwv1 Wkh dxwkruv duh sduwlfxoduo| judwhixo wr M1 Wklvvh1
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4 Lqwurgxfwlrq

Lq wkh odvw ihz |hduv/ wkhuh kdv ehhq d uhylydo ri lqwhuhvw dprqj hfrqrplvwv

lq xqghuvwdqglqj wkh orfdwlrq ri �upv dfurvv frxqwulhv1 Lq sduwlfxodu wkh

prgholqj ri surgxfw pdunhw lpshuihfwlrqv kdv doorzhg wkh frqvwuxfwlrq ri

irupdo prghov wkdw h{sodlq wkh djjorphudwlrq ri �upv lq d vlqjoh uhjlrq +vhh

h1j1 Rwwdyldqr dqg Sxjd +4<<;,/ Ixmlwd/ Nuxjpdq dqg Yhqdeohv +4<<<, dqg

Ixmlwd dqg Wklvvh +iruwkfrplqj,,1 Lq d vhplqdo sdshu/ Nuxjpdq +4<<4d,

vkrzv krz d krph pdunhw h�hfw fuhdwhv djjorphudwlrq1 Ilupv vhwwoh lq

uhjlrqv zkhuh wkh ghpdqg iru wkhlu surgxfw lv odujh1 Zrunhuv suhihu wr olyh

lq uhjlrqv wkdw kdyh jrrg dffhvv wr wkh surgxfwv wkdw wkh| frqvxph1 Vlqfh

wkh ghpdqg wkdw lv dgguhvvhg wr �upv frphv iurp zrunhuv/ �upv orfdwh

zkhuh zrunhuv duh1 Pruhryhu zrunhuv jr zkhuh �upv duh orfdwhg1 Wkxv/ li/

iru zkdwhyhu uhdvrq/ d uhjlrq kdv d odujhu frqfhqwudwlrq ri �upv/ lw dwwudfwv

zrunhuv iurp wkh rwkhu uhjlrqv1 Wkh lqfuhdvh lq ghpdqg wkdw iroorzv wkh

pljudwlrq ri zrunhuv lq wkdw uhjlrq dwwudfwv pruh �upv1 Nuxjpdq vkrz

wkdw rqh fdq hqg xs zlwk doo �upv ehlqj djjorphudwhg lq rqh uhjlrq1

Wklv vwru| lv uhohydqw zkhq wkh oderu irufh lv kljko| preloh dfurvv uhjlrqv/

dv iru h{dpsoh lq wkh Xqlwhg Vwdwhv +vhh dovr Sxjd +4<<<, dqg Rwwdyldqr

+5334, iru wkh lpsruwdqfh ri oderu prelolw| lq vlplodu prghov,1 Krzhyhu/

lq d Hxurshdq frqwh{w/ odqjxdjh/ fxowxudo dqg lqvwlwxwlrqdo gl�huhqfhv klq0

ghu zrunhu prelolw|1 Ghfuhvvlq dqg Idwäv +4<<8,/ Ehqwrolod +4<<:, dqg Idlql/

Jdool/ Jhqqdul dqg Urvvl +4<<:, vkrz wkdw pljudwlrqv dfurvv Hxurshdq frxq0

wulhv ru zlwklq hdfk Hxurshdq frxqwu| duh txlwh orz1 Dv Nuxjpdq +4<<4e,

uhfrjql}hv/ �lq vslwh ri frqvlghudeoh pljudwlrq iurp Vrxwk wr Qruwk lq wkh

4<93v dqg hduo| 4<:3v/ wkhuh kdv ehhq qr zkrohvdoh frqfhqwudwlrq ri srsx0

odwlrq dqg hpsor|phqw lq wkh duhdv ri hduo| lqgxvwuldol}dwlrq1 Wkh uhdvrq lv

reylrxv= Hxursh kdv klvwrulfdoo| ehhq idu ohvv lqwhjudwhg/ erwk lq whupv ri

idfwru prelolw| dqg lq whupv ri wudgh/ wkdq wkh Xqlwhg Vwdwhv� +Nuxjpdq/

4<<4e/ s1<6,1

Vwloo/ glvsdulwlhv dfurvv wkh uhjlrqv ri wkh Hxurshdq Xqlrq duh pxfk zlghu

wkdq dfurvv wkh Xqwlwhg Vwdwhv +vhh Sxjd +4<<<,,1 Nuxjpdq dggv �111 Hx0

ursh lv fkdudfwhul}hg e| d yhu| vwurqj fhqwhu0shulskhu| sdwwhuq zkhq rqh

frqvlghuv qrw srsxodwlrq exw sxufkdvlqj srzhu1 Lqwhuuhjlrqdo lqfrph gl�hu0
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hqwldov zlwklq Hxursh duh pxfk odujhu wkdq zlwklq wkh Xqlwhg Vwdwhv/ dqg

wkh| duh forvho| dvvrfldwhg zlwk jhrjudsklfdo srvlwlrq1� +Nuxjpdq/ 4<<4e/

s1<60<7,1 Wkh fhqwhu0shulskhu| sdwwhuq lq Hxursh lv gl!fxow wr h{sodlq rq

wkh edvlv ri Nuxjpdq*v +4<<4d, prgho dorqh1 Udwkhu wkdq irfxvlqj rq lqwhu0

uhjlrqdo pljudwlrq/ Nuxjpdq dqg Yhqdeohv +4<<8, dqg Yhqdeohv +4<<9, xvh

dq lqsxw0rxwsxw vwuxfwxuh wr h{sodlq djjorphudwlrq ri �upv1 Zkhq lqgxv0

wulhv duh lpshuihfwo| frpshwlwlyh dqg zkhq lw lv frvwo| wr vkls jrrgv iurp

rqh uhjlrq wr wkh rwkhu/ xsvwuhdp �upv suhihu wr vhwwoh lq uhjlrqv zkhuh wkh

ghpdqg iru wkhlu surgxfw lv odujh1 Wkxv/ wkh| orfdwh qhdu wkhlu fxvwrphuv/

wkdw lv/ qhdu wkh grzqvwuhdp �upv1 Pruh xsvwuhdp �upv lq rqh uhjlrq lpso|

d orzhu sulfh iru wkh lqwhuphgldwh jrrg dqg dwwudfwv grzqvwuhdp �upv1 Wkh

phfkdqlvp lv vlplodu wr wkdw lq Nuxjpdq*v +4<<4d, prgho= li/ iru zkdwhyhu

uhdvrq/ d uhjlrq kdv d frqfhqwudwlrq ri xsvwuhdp �upv/ lw dwwudfwv grzq0

vwuhdp �upv iurp wkh rwkhu uhjlrqv1 Wkh lqfuhdvh lq ghpdqg wkdw iroorzv

wkh lq rz ri grzqvwuhdp �upv dwwudfwv pruh xsvwuhdp �upv lq wkdw uhjlrq1

Dv d uhvxow/ �upv pd| foxvwhu lq d vlqjoh uhjlrq1 Yhqdeohv +4<<9, ghprq0

vwudwhv wklv uhvxow zkhq zrunhuv duh lppreloh zkhuhdv Sxjd +4<<<, h{whqgv

wkh prgho wr dffrxqw iru oderu pljudwlrq1

Lq wklv sdshu zh sursrvh dq dowhuqdwlyh h{sodqdwlrq iru wkh hphujhqfh

ri d fhqwhu0shulskhu| sdwwhuq lq Hxursh1 Dv qrwhg ehiruh/ Hxurshdq fhqwhu0

shulskhu| sdwwhuq lv uhodwhg pruh wr sxufkdvlqj srzhu wkdq wr srsxodwlrq1

Zh irfxv rq wzr ihdwxuhv ri Hxurshdq frxqwulhv= zrunhu prelolw| lv orz dqg

xqlrqv duh lq xhqwldo1 Wklv odvw ihdwxuh lv dw wkh khduw ri wkh prgho ri wklv

sdshu1 Vwdqgdug zdjh edujdlqlqj prghov suhglfw wkdw zdjhv duh uljlg li

wkh ghpdqg iru oderu lv lvr0hodvwlf1 Wkhq/ fkdqjhv lq surgxfwlylw| hqwluho|

idoo rq hpsor|phqw1 Wklv uhvxow lv uhshdwhgo| hpskdvl}hg lq wkh olwhudwxuh/

vhh h1j1 PfGrqdog dqg Vrorz +4<;4,/ Rvzdog +4<;8, dqg Eodqfkdug dqg

Ilvfkhu +4<;<,1 Lq wklv sdshu/ zh vkrz wkdw zlwklq wkh Gl{lw dqg Vwljolw}

+4<::, iudphzrun/ fkdqjhv lq wkh �upv orfdwlrq dovr ohdyh zdjhv xqd�hfwhg

dqg vwurqjo| lq xhqfh hpsor|phqw1 Pruhryhu/ zdjhv lq wkh xqlrql}hg lq0

gxvwu| duh odujhu wkdq lq wkh qrq0xqlrql}hg dqg frqvwdqw uhwxuq wr vfdoh

+djulfxowxudo, vhfwru1 Zrunhuv zkr gr qrw kdyh wkh fkdqfh wr �qg d mre

lq wkh xqlrql}hg vhfwru duh hpsor|hg lq wkh djulfxowxudo vhfwru dw d orzhu

zdjh1 Wkxv/ wkh wrwdo hduqlqjv ri zrunhuv lq rqh uhjlrq lqfuhdvh zlwk wkh
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qxpehu ri xqlrql}hg �upv wkdw vhwwoh lq wkdw uhjlrq1 Wkh suhihuhqfh ri �upv

lv wr vhwwoh lq d uhjlrq zkhuh wkh ghpdqg iru wkhlu surgxfw lv odujh1 Khqfh/

wkh| orfdwh qhdu wkhlu fxvwrphuv/ wkdw lv/ lq wkh uhjlrq zlwk wkh kljkhvw sur0

sruwlrq ri xqlrql}hg zrunhuv1 Wkxv/ li/ iru zkdwhyhu uhdvrq/ d uhjlrq kdv d

odujhu frqfhqwudwlrq ri �upv/ lw dovr kdv d odujhu lqfrph1 Wkh odujhu lqfrph

dwwudfwv pruh �upv/ zklfk lqfuhdvhv wkh lqfrph ixuwkhu1

Lq wklv sdshu/ zh suryh wkdw dffruglqj wr wklv surfhvv/ d fhqwhu0shulskhu|

sdwwhuq pd| hphujh1 D odujh sursruwlrq ri shrsoh olylqj lq wkh fhqwudo uh0

jlrq zrun lq wkh xqlrql}hg �upv dqg hduq kljk zdjhv/ zkhuhdv lq wkh sh0

ulskhu|/ zrunhuv duh hpsor|hg lq wkh orz0zdjh djulfxowxudo vhfwru1 Krzhyhu/

erwk uhjlrqv uhpdlq htxdoo| srsxodwhg1 Wklv dffrugv txlwh zhoo zlwk wkh

deryh revhuydwlrq e| Nuxjpdq wkdw Hxursh lv fkdudfwhul}hg e| d yhu| vwurqj

fhqwhu0shulskhu| sdwwhuq zkhq rqh frqvlghuv qrw srsxodwlrq exw sxufkdvlqj

srzhu1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh

prgho zlwk wkh ehkdylru ri frqvxphuv/ zrunhuv/ �upv dqg xqlrqv1 Vhfwlrq

6 vroyhv iru wkh orfdwlrq htxloleuld1 Zhoiduh lv dqdo|}hg lq Vhfwlrq 71 Wklv lv

iroorzhg e| wkh frqfoxvlrqv1

5 Wkh Prgho

514 Frqvxpswlrq

Zh frqvlghu dq hfrqrp| zlwk wzr lghqwlfdo uhjlrqv N 5 iD>Ej1 Wkhuh duh

wzr nlqgv ri jrrgv lq wklv hfrqrp|= djulfxowxuh +ghqrwhg e| vxevfulsw 3,

dqg pdqxidfwxuhv +ghqrwhg e| vxevfulsw P,1 Doo lqglylgxdov k vkduh wkh

vdph suhihuhqfhv iru wkh wzr nlqgv ri jrrgv=

X� @ F�3>
f� F>

��

zkhuh

F�� @

�] �

f
+F��,

j3�
j gl

� j

j3�

=
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Wkh frqvxpswlrq ri wkh djulfxowxudo jrrg lv ghqrwhg e| Ff� zkhuhdv

F�� lv wkh lqgh{ ri frqvxpswlrq ri pdqxidfwxuhg jrrgv1 Jlyhq wkh Free0

Grxjodv irup ri X�/ wkh vkduh ri uhyhqxh vshqw rq djulfxowxudo jrrgv lv

4� � dqg wkh vkduh ri uhyhqxh vshqw rq pdqxidfwxuhg jrrgv lv �1 Wkhuh lv

prqrsrolvwlf frpshwlwlrq dprqj wkh Q pdqxidfwxuhv1 Wkh frqvxpswlrq ri

pdqxidfwxuhg jrrg l lv F��1 Wkh hodvwlflw| ri vxevwlwxwlrq dprqj pdqxidf0

wxuhg surgxfwv lv � A 41

Lq hdfk uhjlrq N/ lqglylgxdo k idfhv wkh iroorzlqj exgjhw frqvwudlqw=

Ff� .

] �

f
sg� F��gl �Zg

� >

zkhuh sg� lv wkh sulfh sdlg wr frqvxph rqh xqlw ri jrrg l lq uhjlrq N> Zg
�

lv wkh lqfrph ri wkh lqglylgxdo k ehorqjlqj wr uhjlrq N1 Zh wdnh wkh sulfh

ri wkh djulfxowxudo jrrg dv wkh qxphudluh1 Wkh lqglylgxdo k pd{lpl}hv klv

xwlolw| vxemhfw wr klv exgjhw frqvwudlqw1 Klv rswlpdo frqvxpswlrq ri jrrg l

lv

Fg
�� @

�
sg�
Sg

�3j �
�Zg

�

Sg

�
zkhuh Sg @

�] �

f

�
sg�

�3Ej3��
gl

� 3�

j3�

+4,

Sg lv wkh sulfh lqgh{ ri wkh pdqxidfwxuhg jrrgv lq uhjlrq N1 Frqvxpswlrq

ri jrrg l e| lqglylgxdo k ghfuhdvhv zlwk wkh uhodwlyh sulfh sg� @S
g dqg lq0

fuhdvhv zlwk wkh uhdo lqfrph vshqw rq pdqxidfwxuhg jrrgv �Zg
� @Sg 1 Qrwh

wkdw wkh sulfhv sg� dqg wkh lqgh{ Sg duh frpsxwhg lq wkh uhjlrq N zkhuh

lqglylgxdo k frqvxphv1 Vlqfh suhihuhqfhv duh krprjhqrxv/ wkh xwlolw| lq0

fuhdvhv zlwk uhdo lqfrph Zg
� @SgC zkhuh SgC lv wkh jhqhudo sulfh lqgh{ ri

erwk djulfxowxuh dqg pdqxidfwxuhv frqvxphg lq uhjlrq N1

515 Oderu

Lw lv d vw|ol}hg idfw ri Hxurshdq oderu pdunhwv wkdw zrunhuv duh udwkhu lp0

preloh ehwzhhq Hxurshdq frxqwulhv dqg zlwklq hdfk frxqwu| +vhh h1j1 Gh0

fuhvvlq dqg Idwäv +4<<8,/ Ehqwrolod +4<<:, dqg Idlql/ Jdool/ Jhqqdul dqg

Urvvl +4<<:,,1 Wr �w wklv Hxurshdq idfw/ zh dvvxph wkdw zrunhuv fdqqrw

pryh dfurvv uhjlrqv1 Wklv frqwudvwv zlwk Nuxjpdq +4<<4d, zkr pdlqo|

irfxvhv rq wkh orqj0uxq ehkdylru ri zrunhuv lq wkh Xqlwhg Vwdwhv1
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Lq rxu prgho/ hdfk uhjlrq lv srsxodwhg e| wkh vdph qxpehu ri lqglylg0

xdov/ �O> zkr fdq zrun hlwkhu lq wkh djulfxowxudo ru lq wkh pdqxidfwxuhg

vhfwru1 Lq frqwudvw wr Nuxjpdq +4<<4d,/ exw iroorzlqj Nuxjpdq dqg Yhq0

deohv +4<<8,/ zh gr qrw dvvxph wkdw zrunhuv duh vshfl�f wr rqh vhfwru1 Wkxv/

zh dvvxph wkdw zrunhuv duh deoh wr zrun lq erwk vhfwruv1 Li Og� shuvrqv duh

hpsor|hg lq wkh pdqxidfwxulqj lqgxvwu|/ wkh uhpdlqlqj �O � Og� zrunhuv

pxvw eh hpsor|hg lq wkh djulfxowxudo vhfwru1

Wkh djulfxowxudo jrrg lv surgxfhg zlwk frqvwdqw uhwxuqv wr vfdoh1 Rqh

xqlw ri djulfxowxudo jrrg uhtxluhv rqh xqlw ri oderu1 Vlqfh wkh djulfxowxudo

jrrg lv wkh qxphudluh/ zdjhv duh htxdo wr rqh lq wkh djulfxowxuh1 Qrwh wkdw

zh xvh wkh odeho cdjulfxowxuh* wr iroorz wkh whuplqrorj| xvhg lq prvw sdshuv

rq wklv wrslf1 Krzhyhu/ wkh odeho qhhg qrw eh lqwhusuhwhg olwhudoo|1 Iru rxu

sxusrvh/ wkh lpsruwdqw fkdudfwhulvwlf ri wklv vhfwru lv wkdw uhwxuqv wr vfdoh

duh frqvwdqw1 Lq uhjlrq N 5 iD>Ej/ wkh wrwdo hduqlqjv ri iduphuv duh pdgh

ri wkhlu zdjhv dqg wkhlu vkduh lq wkh wrwdo sur�wv ri erwk uhjlrqv �=

Zg
f @

�
�O� Og�

��
4 .

�

5�O

�
Lq wklv h{suhvvlrq/ lw lv reylrxvo| dvvxphg wkdw doo lqglylgxdov uhfhlyh dq

htxdo vkduh ri wkh �upv* sur�wv1 Wkh wrwdo hduqlqjv ri lqgxvwuldo zrunhuv lq

uhjlrq N 5 iD>Ej duh

Zg
� @ Og�

�
zg .

�

5�O

�
zkhuh zg lv wkh phdq zdjh lq wkh lqgxvwu| ri uhjlrq N1 Wrwdo hduqlqjv lq

uhjlrq N duh jlyhq e| Zg @Zg
f .Zg

� 1

516 Ilupv

Lq wkh pdqxidfwxuhg vhfwru/ hdfk �up surgxfhv d gl�huhqwldwhg jrrg l dqg

lv orfdwhg lq rqh uhjlrq rqo|1 Wkh surgxfwlrq ri rqh xqlw ri jrrg l uhtxluhv

� zrunhuv1 Vxssrvh wkdw �up l lv orfdwhg lq uhjlrq N1 Lw fkrrvhv wkh ploo

sulfh tg� wkdw pd{lpl}hv lwv sur�wv

�g� @ tg� }
g
� �zg� �}

g
� � i +5,

zkhuh }g� ghqrwhv �up l*v vdohv dqg zkhuh zg� lv wkh zdjh lq �up l1 Vx0

shuvfulsw N lqglfdwhv wkdw �up l lv orfdwhg lq uhjlrq N1 Wkh �up lqfxuv d
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�{hg frvw i 1 Iru vlpsolflw| wklv �{hg frvw lv sdlg lq whupv ri djulfxowxudo

jrrgv1 Wkxv/ iQ jrrgv duh qhhghg iru wkh �{hg frvwv lq wkh pdqxidfwxulqj

�upv dqg wkh qxpehu ri iduphuv vkrxog wkhuhiruh eh vxfk wkdw 5O A iQ 1

Zh suryh lq wkh Dsshqgl{ wkdw wklv frqglwlrq zloo dozd|v eh ixo�oohg1

Wkh djulfxowxudo jrrg lv wudghg dw qr frvw zkhuhdv wudqvsruwdwlrq frvwv

duh lqfxuuhg iru wkh pdqxidfwxuhg jrrgv1 Zh dvvxph wkdw wkhvh frvwv wdnh

wkh Vdpxhovrq*v lfhehuj irup lq zklfk rqo| d iudfwlrq � ? 4 ri hdfk xqlw

vklsshg iurp rqh uhjlrq duulyhv wr wkh rwkhu uhjlrq1 Wkhuhiruh/ li jrrg l lv

frqvxphg zkhuh lw lv surgxfhg/ wkhq wkh frqvxphu sulfh lv htxdo wr wkh ploo

sulfh= sg� @ tg� 1 Li jrrg l lv frqvxphg lq wkh rwkhu uhjlrq/ wkh frqvxphu

sulfh lv odujhu wkdq wkh ploo sulfh= su� @ tg� @� A tg� / zlwk O 9@ N1 Khqfh/

e| +4,/ li �up l lv orfdwhg lq uhjlrq N/ wkh ghpdqg iru jrrg l lv

}g� @

�
tg�
Sg

�3j �
�Zg

Sg

�
.

4

�

�
tg�
�Su

�3j �
�Zu

Su

�
> +6,

zkhuh O 9@ N dqg N 5 iD>Ej1 Htxlydohqwo|/ rqh fdq zulwh=

}g� @

�
tg�
Sg

�3j

�g zkhuh �g @ �

��
Zg

Sg

�
. �j3�

�
Su

Sg

�j �
Zu

Su

��
+7,

Zh dvvxph wkdw wkhuh lv d odujh qxpehu ri pdqxidfwxulqj �upv vr wkdw

hdfk �up frqvlghuv wkh lqgh{ Sg dqg wkh uhyhqxhv Zg dv frqvwdqwv1 Jlyhq

wkh lvr0hodvwlf surgxfw ghpdqg }g� / wkh �up vhwv wkh surgxfw ploo sulfh wr

tg� @
�

� � 4
�zg� +8,

E| +7,/ wkh ghpdqg iru oderu ri �up l surgxflqj lq uhjlrq N lv wkxv lvr0

hodvwlf=

og� @ �}g� @ �

�
��zg�

+� � 4,Sg

�3j

�g +9,

E| +5,/ +7, dqg +8,/ sur�wv fdq eh zulwwhq dv

�g� @ z�3j
�

�

� � 4

�
�

� � 4

�

Sg

�3j

�g � i +:,

517 Zdjh Edujdlqlqj

Lq wkh pdqxidfwxuhg vhfwru/ zh dvvxph d ghfhqwudol}hg zdjh vhwwlqj zlwk

rqh lqghshqghqw xqlrq shu �up1 Iluvw/ wkh xqlrq dqg wkh �up edujdlq ryhu

:



zdjhv1 Wkhq wkh �up fkrrvhv hpsor|phqw jlyhq zdjhv +wkh �up kdv wkh

uljkw wr pdqdjh,1 Dffruglqj wr wkh Qdvk vroxwlrq/ zdjhv pd{lpl}h wkh

iroorzlqj surgxfw

Q �
k
Y g
� � Y

g
l� �

�g� � ��g
��3�

zkhuh ! lv wkh xqlrq edujdlqlqj srzhu/ Y g
� lv wkh xqlrq xwlolw|/ �g� lv wkh

�up*v sur�wv/ Y
g
dqg ��g duh wkh idoo0edfn xwlolwlhv1

Zh dvvxph wkdw wkh remhfwlyh ri hdfk xqlrq lv wr pd{lpl}h wkh uhdo zdjhv

ri zrunhuv lq wkh �up=
�
zg� @S

g
C

�
og� 1 Lq fdvh ri shuvlvwhqw glvdjuhhphqw zlwk

wkh �up/ zrunhuv uhfhlyh wkh uhdo zdjh ri wkh djulfxowxudo vhfwru=
�
4@SgC

�
1

Khqfh/ wkh xqlrq frqwulexwlrq wr wkh Qdvk surgxfw lv=

Y g
� � Y

g
@

�
zg�
SgC

�
4

SgC

�
og� =

Wkh �up pd{lpl}hv sur�wv +:,1 Lq fdvh ri shuvlvwhqw glvdjuhhphqw zlwk

wkh xqlrq/ wkh �up vwloo lqfxuv wkh �{hg frvw1 Wkxv/ wkh �up*v frqwulexwlrq

wr wkh Qdvk surgxfw lv=

�g� � ��g @ z�3j
�

�

� � 4

�
�

� � 4

�

Sg

�3j

�g =

Wkhuh lv odujh qxpehu ri �upv dqg xqlrqv1 Wkhuhiruh/ �upv dqg xqlrqv

frqvlghu wkh lqglfhv SgC dqg Sg / wkh uhyhqxhv Zg dqg wkxv wkh yduldeohv

�g dv frqvwdqwv1 Wdnlqj lqwr dffrxqw wkh uhodwlrqvkls ehwzhhq hpsor|phqw

dqg zdjhv +9,/ wkh pd{lpl}dwlrq ri wkh Qdvk surgxfw zlwk uhvshfw wr wkh

zdjh jlyhv

zg� @ z � 4 .
!

� � 4
> N 5 iD>Ej +;,

Wklv zdjh lv d �{hg pdun0xs ryhu wkh djulfxowxudo zdjh dqg lv lghqwlfdo iru

hyhu| �up lq dq| uhjlrq1

6 Orfdwlrq Htxloleulxp

Lq wklv vhfwlrq/ zh �uvw dqdo|}h wkh jhqhudo htxloleulxp zkhq wkh wrwdo qxp0

ehu ri �upv Q @ Q�.Q� lv �{hg1 Ehiruh surfhhglqj wr wkh fkdudfwhul}dwlrq

;



ri wkh orfdwlrq htxloleulxp/ lw lv frqyhqlhqw wr wdnh dgydqwdjh ri wkh v|p0

phwu| ri wkh sureohp e| vhwwlqj �Q � Q� � Q�1 Zh wkhq vwxg| wkh

htxloleulxp xqghu iuhh hqwu| ri �upv1 D orfdwlrq htxloleulxp lv gh�qhg dv

iroorzv=

Gh�qlwlrq 4 D orfdwlrq htxloleulxp lv vxfk wkdw qr orfdwlrqdo ghyldwlrq e|

d vlqjoh �up lv sur�wdeoh1

Khqfh/ wkhuh pxvw eh qr lqfhqwlyhv iru �upv wr uhorfdwh1 Li d uhjlrq

r�huv kljkhu sur�wv wkdq wkh rwkhu/ �upv pryh wr wkdw orfdwlrq xqwlo wkh

sur�w gl�huhqwldo ��+�Q, @ ��� � ��� ehwzhhq wkh uhjlrqv idoov wr }hur ru

xqwlo doo �upv duh orfdwhg lq wkdw uhjlrq1 D orfdwlrq htxloleulxp dulvhv dw

dq lqwhulru srlqw �Q 5 +�Q>Q, zkhq ��+�Q, @ 3/ ru dw fruqhuv srlqwv

Q� @ 3 zkhq ��+�Q, � 3> dqg Q� @ Q zkhq ��+Q, � 3= Lq wkh �uvw

fdvh/ zh kdyh wzr foxvwhuv zkhuhdv lq wkh odvw wzr fdvhv/ zh kdyh d vlqjoh

foxvwhu1

Gh�qlwlrq 5 D orfdwlrq htxloleulxp �QW lv vwdeoh li/ lq wkh qhljkerukrrg

ri �QW/ qr orfdwlrqdo ghyldwlrq e| d jurxs ri �upv +qrq }hur pdvv, lv

sur�wdeoh1

Frqwlqxlw| ri wkh sur�w ixqfwlrqv lpsolhv wkdw fruqhu vroxwlrqv duh dozd|v

vwdeoh1 Iru lqwhulru vroxwlrqv �QW zkhuh ��+�QW, @ 3/ vwdelolw| lpsolhv

wkdw ��� � ��� ghfuhdvhv +uhvs1 lqfuhdvhv, li d jurxs ri �upv pryhv iurp E

wr D +uhvs1 D wr E,1 Wkdw lv/ wkh vorsh ri ��+�Q, pxvw eh qhjdwlyh lq wkh

qhljkerukrrg ri wkh htxloleulxp1

Lq rughu wr hydoxdwh ��+�Q,/ zh qhhg wr frpsxwh sulfhv dqg rxwsxw1

Vlqfh zdjhv duh frqvwdqw +vhh +;,,/ wkh ploo sulfhv +8, duh lghqwlfdo dfurvv

uhjlrqv=

tg� @ t �

�
�

� � 4

�
�z> N 5 iD>Ej=

Lq uhjlrqN/ wkh frqvxpswlrq ri rqh xqlw ri jrrg surgxfhg lq wkdw uhjlrq

frvwv sg� @ t zkhuhdv wkh frqvxpswlrq ri rqh xqlw ri jrrg surgxfhg lq wkh

rwkhu uhjlrq frvwv su� @ t@� 1 Wkhuhiruh/ e| +4, wkh uhjlrqdo sulfh lqglfhv ri

pdqxidfwxuhg jrrgv fdq eh zulwwhq dv

Sg @ t
�
Qg .Qu�

j3�
� 3�

j3� +<,

<



zlwk O 9@ N> N>O 5 iD>Ej1 Xvlqj +<,/ wkh h{suhvvlrq ri �g fdq eh vlpsol0

�hg wr

�g @
�

Sg

�
Zg .Zu�j3�

Qg .Qu�
j3�

Qu .Qg�j3�

�
+43,

Rqh fdq hdvlo| fkhfn wkdw wkh surgxfwlrq ri pdqxidfwxulqj �upv orfdwhg lq

wkh vdph uhjlrq N 5 iD>Ej duh lghqwlfdo= }g� @ }g ;l 5 N1

Ilqdoo|/ wkh sur�wv ri dq| �up l orfdwhg lq d vdph uhjlrq N 5 iD>Ej

duh dovr lghqwlfdo1 Lqghhg

�g� @ �g @ +t �z�, }g � i +44,

Wkh sur�w gl�huhqwldo ehwzhhq uhjlrqv D dqg E lv wkhuhiruh

�� @ �� � �� @ +t �z�,
�
}� � }�

�
Lqwhulru htxloleuld rffxu zkhq wkh �up*v surgxfwlrq lv lghqwlfdo dfurvv

uhjlrqv/ }� @ }�= Lq rughu wr jhw h{suhvvlrqv iru wkhvh surgxfwlrq ohyhov/ zh

�uvw zulwh wkh wrwdo hduqlqjv ri lqglylgxdov ehorqjlqj wr uhjlrq N 5 iD>Ej

dv

Zg @Zg
f .Zg

� @
�
�O� Og�

�
. Og�z.

�

5

zkhuh � @ Q��
� . Q��

�1 Lq hdfk uhjlrq wrwdo sur�wv duh htxdo wr wkh

ydoxh ri surgxfwlrq plqxv oderu dqg �{hg frvwv=

Qg�
g @ t}gQg �zOg� � iQg +45,

Xvlqj wklv h{suhvvlrq/ wkh idfw wkdw Og� @ �Qg}
g dqg wkh h{suhvvlrq

iru Zg / zh �qg

Zg @

�
�O�

4

5
iQ

�
.

�
� +z � 4, .

t �z�

5

�
Qg}

g .
t � �z

5
Qu}

u +46,

iru doo N 9@ O dqg N>O 5 iD>Ej1 Xvlqj +7,/ +<, dqg +43,/ zh frpsxwh wkdw

}g @
�

t

�
Zg

Qg .Qu�j3�
.

Zu�j3�

Qu .Qg�j3�

�
+47,

Vroylqj h{suhvvlrqv +46, dqg +47, doorzv wr jhw }g +vhh Dsshqgl{,1 Soxjjlqj

wklv uhvxow lq wkh sur�w gl�huhqwldo dqg xvlqj wkh rswlpdo ydoxhv ri z dqg t

|lhogv +vhh Dsshqgl{,

�� @ �Q

�
�j3� �

�2 � � +4� !. �!, . �!

�2 � � +4� !� �!,� �!

�
�+�Q, +48,

43



zkhuh lw lv vkrzq lq wkh Dsshqgl{ D wkdw �+�Q, A 31 Wklv uhvxow doorzv

wr ixoo| fkdudfwhul}h wkh vwdeoh htxloleuld1 Ohw

e� � �
�2 � � +4� !. �!, . �!

�2 � � +4� !� �!,� �!

� �

j3�

? 4=

Sursrvlwlrq 6 V|pphwulf orfdwlrq +�Q @ 3, lv wkh xqltxh vwdeoh orfdwlrqdo

htxloleulxp li � ? e� 1 Djjorphudwlrq lq rqh uhjlrq +�Q @ 	Q, lv d vwdeoh

orfdwlrqdo htxloleulxp li � A e� 1 Dq| orfdwlrq +�Q 5 ^3> Q `, lv d vwdeoh htxl0

oleulxp li � @ e� =
Surri1 Vwdeoh htxloleuld duh jlyhq e| wkh ehkdylru ri ��+�Q,1 Vlqfh

�+�Q, A 3/ wkh ehkdylru ri��+�Q, lv vlplodu wr wkdw ri +Q� �Q�,
�
�j3� � e�j3��1

Iluvw/ wkhuh h{lvwv dq lqwhulru htxloleulxp zkhq Q� @ Q�1 Wklv htxloleulxp

lv vwdeoh zkhq wkh vorsh ri wklv ixqfwlrq lv qhjdwlyh/ wkdw lv/ zkhq � ? e� 1
Vhfrqg/ wkhuh h{lvw fruqhu htxloleuld zkhq 	�� +�Q, A 3 dw �Q @ 	Q /

wkdw lv/ zkhq � A e� 1 Ilqdoo|/ zkhq � @ e� / wkh ixqfwlrq wdnhv }hur ydoxhv iru

dq| ydoxh ri �Q 1 Khqfh/ doo orfdwlrqv duh vwdeoh htxloleuld1

Joredol}hg hfrqrplhv duh fkdudfwhul}hg e| glplqlvklqj wudqvsruwdwlrq

frvwv +odujhu �,1 Wkh orfdwlrq sdwwhuq uhvxowv iurp wkh wudgh0r� ehwzhhq

wzr irufhv= surgxfw pdunhw frpshwlwlrq dqg krph pdunhw h�hfw1 Iru odujh

wudqvsruw frvwv +orz �,/ wkh h�hfw ri surgxfw pdunhw frpshwlwlrq grpl0

qdwhv1 H{sruwv duh qhjoljleoh dqg �upv surgxfh iru wkhlu grphvwlf pdunhw1

Li grphvwlf pdunhwv kdyh htxdo vl}hv/ �upv orfdwh zkhuh frpshwlwlrq lv wkh

orzhvw/ wkdw lv/ lq wkh uhjlrq zlwk wkh vpdoohvw qxpehu ri �upv1 Khqfh/ wkh

orfdwlrq htxloleulxp lv v|pphwulf1 Krzhyhu/ zkhq wkh wudqvsruwdwlrq frvw

gursv/ wkh krph pdunhw h�hfw sod|v d odujhu uroh1 Wkh uhorfdwlrq ri �upv

wr d uhjlrq lqghhg lqfuhdvhv wkh qxpehu ri kljk sdlg zrunhuv +z A 4, dqg

dovr ghfuhdvhv wkh sulfh lqgh{ lq wkdw uhjlrq1 Khqfh/ zrunhuv* uhdo hduqlqjv

ulvh/ zklfk udlvhv wkh surgxfw ghpdqg1 Vlqfh sur�wv jr xs zlwk surgxfw

ghpdqg/ �upv whqg wr foxvwhu lq d vlqjoh uhjlrq1 Zkhq wkh krph pdunhw

h�hfw lv odujhu wkdq wkh frpshwlwlrq h�hfw +� A e�,/ djjorphudwlrq lv wkh

orfdwlrq htxloleulxp1 Joredol}dwlrq wkxv ohdgv wr lqfuhdvhg djjorphudwlrq lq

uhjlrqv zlwk lppreloh zrunhuv dqg zdjh uljlglwlhv1

Wkh wudqvsruwdwlrq frvw wkuhvkrog e� ghfuhdvhv lq � dqg ! zkhuhdv lw

lqfuhdvhv lq � +vhh wkh Dsshqgl{,1 Khqfh/ d odujhu vkduh ri wkh pdqxidf0
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wxuhv lq wkh lqglylgxdo*v vshqglqj +odujhu �, lpsolhv d odujhu krph pdunhw

h�hfw1 Wkhuhiruh/ wkh v|pphwulf orfdwlrq htxloleulxp lv ohvv olnho| +vpdoohue�,1 Lq wkh vdph vslulw/ odujhu xqlrq edujdlqlqj srzhu +!, lqfuhdvhv qrp0

lqdo zdjhv dqg vwuhqjwkhqv wkh krph pdunhw h�hfw1 Ilqdoo|/ pruh hodvwlf

surgxfw ghpdqg +�, ghfuhdvhv wkh sur�wdelolw| ri �upv dqg sxvkhv zdjhv

grzq1 Wkh krph pdunhw h�hfw lv zhdnhqhg dqg v|pphwulf orfdwlrq htxlole0

ulxp ehfrphv pruh olnho|1 Joredol}dwlrq wkxv lqgxfhv �upv wr djjorphudwh

vrrqhu lq d vlqjoh foxvwhu zkhq wkh pdqxidfwxulqj lqgxvwu| dqg wkh xqlrq

edujdlqlqj srzhu duh odujh ru zkhq wkh ghpdqg hodvwlflw| ri pdqxidfwxuhv

lv orz1

Lw lv lpsruwdqw wr qrwh wkdw wkh wkuhvkrog e� grhv qrw ghshqg rq �{hg

frvwv/ i 1 Khqfh/ zkhq wkh qxpehu ri �upv +dqg ydulhwlhv, lv �{hg/ lqfuhdv0

lqj uhwxuqv wr vfdoh duh qrw d qhfhvvdu| frqglwlrq iru djjorphudwlrq= wkh

krph pdunhw h�hfw pd| grplqdwh wkh h�hfw ri pdunhw frpshwlwlrq hyhq

xqghu frqvwdqw uhwxuqv wr vfdoh1 Wklv frqwudvwv zlwk wkh odujh vwudqg ri wkh

olwhudwxuh/ zklfk lv edvhg rq wkh dvvxpswlrq ri lqfuhdvlqj uhwxuqv wr vfdoh

+Nuxjpdq +4<<4d,,1 Wklv dvvxpswlrq lv dvvrfldwhg wr wkh k|srwkhvlv ri iuhh

hqwu|1 Xqghu iuhh hqwu|/ sur�wv pxvw idoo wr }hur/ zklfk uhtxluhv vwulfwo|

srvlwlyh �{hg frvwv1 Zkloh iuhh hqwu| uhihuv wr wkh dsshdolqj frqfhsw ri orqj

uxq htxloleulxp/ lw dovr doorzv wr dyrlg wkh lvvxh ri sur�w glvwulexwlrq1 Zh

qrz iroorz wkh olwhudwxuh e| frqvlghulqj wkh uhodwlrqvkls ehwzhhq �{hg frvwv

dqg iuhh hqwu|1

Ohw QW ghqrwh wkh htxloleulxp qxpehu ri �upv vhw e| iuhh hqwu|1 Dw

QW/ Sursrvlwlrq 6 dssolhv dqg rqo| wzr nlqgv ri htxloleuld fdq eh hqylvdjhg=

v|pphwulf orfdwlrq dqg djjorphudwlrq1 Vlqfh wkh wkuhvkrog ydoxh a� wkdw

vhsdudwhv erwk htxloleuld grhv qrw ghshqg rq wkh wrwdo qxpehu ri �upv +Q,/

lw lv dovr wkh wkuhvkrog wkdw vhsdudwhv wkh wzr htxloleuld xqghu iuhh hqwu|1 Lq

wkh iroorzlqj/ zh ghwhuplqh wkh htxloleulxp ydoxhv ri wkh qxpehu ri �upv lq

erwk nlqgv ri htxloleuld1

Xqghu iuhh hqwu|/ sur�wv lq erwk uhjlrqv idoo wr }hur zkhq �upv orfdwh

v|pphwulfdoo|1 Xvlqj +44,/ zh fdq zulwh wkh rxwsxw ohyho xqghu iuhh hqwu| dv

}g @ } �
i

t �z�
@
i

�

+� � 4,2

+� � 4 . !,
iru doo N 5 iD>Ej= +49,
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Pruhryhu e| +46047,/ wkh htxloleulxp surgxfwlrq dw Qg @ Q@5 lv dovr +vhh

wkh Dsshqgl{,

}Wg @ }W �
� +� � 4,2

�
5�O� iQ

�
�Q +�2 � � +4 . �, . �! +4� �, . �,

Hqwu| rffxuv xqwlo }Wg @ }g / wkdw lv/ xqwlo wkh qxpehu ri �upv lv htxdo wr

QW @
5� +� � 4 . !, �O

i +�2 � � . ! +� � �� . �,,
+4:,

Ohw xv qrz h{dplqh wkh vroxwlrq zlwk djjorphudwlrq1 Vxssrvh djjorp0

hudwlrq rffxuv lq uhjlrq N= Qg @ Q dqg Qu @ 31 Lq wkh Dsshqgl{/ zh

frpsxwh wkh surgxfwlrq }Wg ri �upv orfdwhg lq uhjlrq N1 Lq wklv prgho/ wkh

surgxfwlrq lq fdvh ri djjorphudwlrq wdnhv wkh vdph ydoxh dv wkh surgxfwlrq

lq wkh v|pphwulf fdvh= }Wg @ }W1 Xqghu iuhh hqwu|/ wkh sur�wv ri �upv lq wkh

uhjlrq zkhuh �upv djjorphudwh idoo wr }hur zkhuhdv �upv pdnh orvvhv lq wkh

rwkhu uhjlrq1 Sur�wv duh gulyhq wr }hur li }Wg @ }g 1 Wkxv/ xqghu iuhh hqwu|/

wkh qxpehu ri �upv lv htxdo wr QW/ dv lq wkh v|pphwulf fdvh1

Sursrvlwlrq 7 Xqghu iuhh hqwu|/ wkh qxpehu ri �upv +dqg wkxv ydulhwlhv, lv

lqghshqghqw ri wkh wudqvsruwdwlrq frvw dqg wkh orfdwlrq sdwwhuq ri wkh pdqx0

idfwxulqj lqgxvwu|1 Lq dgglwlrq/ wkh qxpehu ri �upv lqfuhdvhv zlwk wkh xqlrq

srzhu1

Wkh h{suhvvlrq +4:, dovr frq�upv vwdqgdug uhvxowv rq �upv* hqwu|1 Wkh

qxpehu ri �upv lqfuhdvhv zlwk wkh vkduh ri pdqxidfwxuhv lq frqvxpswlrq

dqg zlwk wkh vl}h ri wkh oderu irufh1 Lw ghfuhdvhv zlwk wkh �{hg frvwv dqg

zlwk wkh hodvwlflw| ri wkh ghpdqg iru pdqxidfwxuhv1

Wkh srvlwlyh fruuhodwlrq ehwzhhq xqlrq edujdlqlqj srzhu dqg wkh qxpehu

ri �upv lv zruwk qrwlflqj1 Dq lqfuhdvh lq xqlrq srzhu udlvhv zdjhv/ zklfk

kdv wzr h�hfwv1 Iru d jlyhq qxpehu ri �upv +Q,/ lw �uvw uhgxfhv sur�wv e|

lqfuhdvlqj wkh frvwv1 Vhfrqg/ vlqfh wkh lqfuhdvh lq zdjhv d�hfwv doo zrunhuv/

hduqlqjv jr xs lq erwk uhjlrqv dqg wkh ghpdqg iru hdfk ydulhw| ulvhv/ zklfk

irvwhuv sur�wv1 Wklv jhqhudo htxloleulxp h�hfw kdv d Nh|qhvldq  dyru dqg lv

forvho| uhodwhg wr wkh krph pdunhw h�hfw dffruglqj wr zklfk sur�wv duh odujhu

zkhuh wkh ghpdqg lv kljkhu1 Lq wklv prgho/ wkh vhfrqg h�hfw grplqdwhv wkh
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�uvw1 Khqfh/ wkh lqfuhdvh lq xqlrq srzhu udlvhv sur�wv1 Qhz �upv duh

dwwudfwhg dqg qhz ydulhwlhv duh fuhdwhg1

Wklv srvlwlyh h�hfw ri xqlrq srzhu rq ydulhw| pxvw eh edodqfhg zlwk lwv

h�hfw rq surgxfwlrq1 Lqghhg/ lw lv vwudljkwiruzdug wr fkhfn iurp +49, wkdw

wkh vxsso| ri hdfk ydulhw|/ }> ghfuhdvhv zlwk xqlrq srzhu1 Iurp htxdwlrqv

+49, dqg +4:,/ rqh fdq dovr vhh wkdw wkh wrwdo vxsso| ri doo ydulhwlhv/ }QW

ghfuhdvhv zlwk xqlrq srzhu1 E| wkh vdph wrnhq dq lqfuhdvh lq xqlrq srzhu

uhgxfhv wrwdo hpsor|phqw lq pdqxidfwxuhv/ �}QW1

7 Zhoiduh= Djjorphudwlrq yhuvxv Glvshuvlrq

Lq wkh suhylrxv vhfwlrq/ zh kdyh vkrzq wkdw �upv fkrrvh hlwkhu wr djjorp0

hudwh lq d vlqjoh uhjlrq ru wr vsuhdg hyhqo| dfurvv uhjlrqv1 Vxfk fkdqjhv lq

orfdwlrq htxloleuld kdyh vwurqj lpsolfdwlrqv rq wkh zhoiduh ri wkh lqglylgxdov

ehorqjlqj wr hdfk uhjlrq1 Lw lv qdwxudo wr txhvwlrq wkh lpsdfw ri wkh pdunhw

htxloleulxp rq zhoiduh zkhq wkh hfrqrplf dfwlylw| vkliwv iurp v|pphwu|

wr djjorphudwlrq1 Wr wklv dlp/ zh �uvw dqdo|}h wkh glvwulexwlrq ri jdlqhuv

dqg orvhuv lq wklv wudqvlwlrq1 Zh vkrz wkdw orvhuv fdqqrw eh frpshqvdwhg e|

jdlqhuv1 Lqghhg/ li jdlqhuv frpshqvdwhg orvhuv/ djjorphudwlrq zrxog lqfuhdvh

wkh zdvwh lq wudqvsruwdwlrq zkloh lw zrxog qrw dowhu surgxfwlrq srvvlelolwlhv1

Vhfrqg/ zh vkrz wkdw wkh orfdwlrq htxloleulxp fruuhvsrqgv wr wkh orfdwlrq

fkrvhq e| d sodqqhu zkr zrxog plqlpl}h zdvwh lq wudqvsruwdwlrq1 Ilqdoo|/

zh irfxv rq d xwlolwduldq sodqqhu1 Zh vkrz wkdw/ iru vrph lqwhuphgldwh

ydoxhv ri wudqvsruwdwlrq frvwv/ vkh pd| suhihu djjorphudwlrq zkhuhdv wkh

pdunhw vhohfwv wkh glvshuvlrq ri hfrqrplf dfwlylw|1

Lq wklv vhfwlrq/ zh frqvlghu iuhh hqwu| ri �upv/ zklfk hqvxuhv wkdw sur�wv

idoo wr }hur1 Hdfk lqglylgxdo*v xwlolw| lv phdvxuhg e| klv2khu uhdo hduqlqjv1

Wkh jhqhudo sulfh lqgh{ ri erwk djulfxowxuh dqg pdqxidfwxuhv frqvxphg lq

uhjlrq N lv gh�qhg dv

SgC @
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xqghu v|pphwulf orfdwlrq dqg zkhuh

Sg @ S@ � t +QW,
3�

j3� dqg Su @
S@
�

+4<,

zkhq �upv djjorphudwh lq uhjlrq N1 Lw lv hdv| wr vkrz wkdw

S@
�
� Sr � S@

Wkh frvw ri olylqj lv orzhu lq wkh uhjlrq zkhuh �upv djjorphudwh wkdq xqghu

v|pphwu|> lw lv kljkhu lq wkh ghvhuwhg uhjlrq1

714 Jdlqhuv/ Orvhuv dqg Frpshqvdwlrq

Zh frqvlghu wkh wudqvlwlrq iurp v|pphwu| wr djjorphudwlrq lq uhjlrq N1

Doo lqglylgxdov lq wkh ghvhuwhg uhjlrq O orvh1 Lqghhg/ vlqfh wkh qrplqdo

hduqlqjv ri iduphuv duh htxdo wr 4 dqg vlqfh wkh frvw ri olylqj ulvhv lq wkh

ghvhuwhg uhjlrq/ wkh zhoiduh ri iduphuv idoov lq wkdw uhjlrq1 Dovr/ zrunhuv

zkr zhuh hpsor|hg lq wkh pdqxidfwxulqj vhfwru orvh wkhlu mrev1 Wkhuhiruh/

lq dgglwlrq wr wkh ulvh lq wkh frvw ri olylqj/ wkhvh lqglylgxdov idfh d gurs lq

wkhlu qrplqdo zdjhv1 Lq frqwudvw/ doo lqglylgxdov jdlq lq wkh uhjlrq zkhuh

�upv djjorphudwh1 Zkhuhdv wkh| nhhs wkh vdph qrplqdo zdjh/ iduphuv

dqg zrunhuv lq wkh pdqxidfwxulqj vhfwru ehqh�w iurp d ehwwhu frvw ri olylqj1

Pruhryhu/ vrph iduphuv duh qrz kluhg lq wkh kljk sdlg pdqxidfwxulqj vhfwru

dqg ehqh�w iurp dq lqfuhdvh lq qrplqdo hduqlqjv1

Wklv dqdo|vlv vkhgv oljkw rq wkh suhihuhqfh ri d Udzovldq sodqqhu zkr

vhhnv wr lpsuryh wkh zhoiduh ri lqglylgxdov lq wkh zruvw vlwxdwlrq1 Lw lv

reylrxv wkdw li wklv sodqqhu fdq rqo| vhohfw wkh orfdwlrq sdwwhuq ri �upv/

vkh suhihuv v|pphwulf orfdwlrq1 Pruhryhu/ li vkh fdq dovr wudqvihu hduqlqjv

dprqj lqglylgxdov dqg dfurvv uhjlrqv/ vkh zloo suhihu v|pphwulf orfdwlrq1

Lqghhg/ lq wklv prgho/ jdlqhuv fdqqrw frpshqvdwh orvhuv1

Wkh uhdvrq zk| frpshqvdwlrq ehwzhhq jdlqhuv dqg orvhuv lv qrw srvvleoh

lv wkdw wkhuh lv qr h!flhqf| jdlq lq surgxfwlrq zkhq wkh hfrqrp| vzlwfkhv

iurp v|pphwu| wr djjorphudwlrq1 Dv vkrzq lq wkh suhylrxv vhfwlrq/ wkh sur0

gxfwlrq ri hdfk ydulhw| dqg wkh qxpehu ri ydulhwlhv gr qrw ghshqg rq �upv*

orfdwlrq1 Wkhuhiruh/ djjorphudwlrq grhv qrw eulqj dq| surgxfwlrq vxusoxv1

Krzhyhu/ wkh dprxqw ri h{sruwv ydulhv dffruglqj wr �upv* orfdwlrq1 Odujhu
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h{sruwv lpso| d odujhu zdvwh lq wudqvsruwdwlrq dqg wkxv vpdoohu djjuhjdwh

frqvxpswlrq1 Lq wklv prgho/ wkh zdvwh lq wudqvsruwdwlrq lv vpdoohu zkhq

�upv orfdwh v|pphwulfdoo| wkdq zkhq wkh| djjorphudwh lq d vlqjoh uhjlrq

dqg zkhq wkh jdlqhuv frpshqvdwh wkh orvhuv1 Wr vkrz wklv/ ohw xv qrwh wkdw/

wkh h{sruwv ri ydulhw| l surgxfhg lq uhjlrq N duh jlyhq e| wkh odvw whup ri

h{suhvvlrq +6,1 H{sruwv iurp uhjlrq N duh

4

�

� t

�Su

�3j ��Zu

Su

�
Qg =

Xqghu v|pphwulf orfdwlrq/ wrwdo h{sruwv iurp erwk uhjlrqv N dqg O duh

4

�

�
t

�Sr

�3j ��Z r

Sr

�
QW> +53,

zkhuh Z r ghqrwhv wkh qrplqdo hduqlqjv ri hdfk uhjlrq xqghu v|pphwulf

orfdwlrq1 Xqghu djjorphudwlrq lq uhjlrq N/ wrwdo h{sruwv duh

4

�

#
t

� �@�

$3j#
�Zu

�@
�

$
QW= +54,

Orrvhuv zloo eh lqgl�huhqw ehwzhhq v|pphwulf orfdwlrq dqg djjorphud0

wlrq li wkh| jhw wkh vdph uhdo hduqlqjv1 Frpshqvdwlrq wkhq uhtxluhv

Zu

�@
�

@
Z r

Sr
=

Vlqfh S@@� � Sr/ rqh fdq fkhfn iurp +53, dqg +54, wkdw wrwdo h{sruwv xqghu

djjorphudwlrq dqg frpshqvdwlrq duh odujhu wkdq xqghu v|pphwulf orfdwlrq=

pruh jrrgv duh zdvwhg lq wudqvsruwdwlrq1 Vlqfh wkh wrwdo surgxfwlrq lv

qrw dowhuhg/ wkh djjuhjdwh frqvxpswlrq lv vpdoohu xqghu djjorphudwlrq dqg

frpshqvdwlrq1 Lq sduwlfxodu/ wkh frqvxpswlrq lq wkh uhjlrq zkhuh �upv

djjorphudwh pxvw eh vpdoohu wkdq xqghu v|pphwulf orfdwlrq1 Khqfh/ frp0

shqvdwlrq wr orvhuv holplqdwhv doo wkh jdlqv wr lqglylgxdov olylqj lq wkh uhjlrq

zkhuh �upv djjorphudwh1

Zh vxppdul}h wkhvh uhvxowv lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 8 Iduphuv dqg zrunhuv suhihu djjorphudwlrq lq wkhlu rzq uh0

jlrq wr v|pphwulf orfdwlrq1 Wkh| suhihu v|pphwulf orfdwlrq wr djjorphud0

wlrq lq wkh rwkhu uhjlrq1 Lqglylgxdov zkr jdlq iurp hfrqrplf djjorphudwlrq

fdqqrw frpshqvdwh wkrvh zkr orvh1

49



715 Zdvwh lq Wudqvsruwdwlrq

Dowkrxjk djjorphudwlrq jhqhudwhv orvhuv zkr fdqqrw eh frpshqvdwhg/ lw fdq

lpsuryh zhoiduh e| lqfuhdvlqj wkh dprxqw ri jrrgv dydlodeoh iru frqvxps0

wlrq1 Vxssrvh djdlq wkdw wkh sodqqhu fdq rqo| vhohfw wkh orfdwlrq sdwwhuq ri

�upv +qr frpshqvdwlrq, dqg wkdw vkh plqlpl}hv wkh zdvwh lq wudqvsruwdwlrq1

Wkdw lv/ vkh vhohfwv wkh orfdwlrq sdwwhuq ri �upv wkdw plqlpl}hv wkh wrwdo

h{sruwv ri pdqxidfwxuhv1 E| +53, dqg +54,/ wrwdo h{sruwv xqghu v|pphwu|

duh odujhu wkdq xqghu djjorphudwlrq li dqg rqo| li

Z r

Zu
�

�
�Sr
S@

��3j

Hduqlqjv lq wkh ghvhuwhg uhjlrq duh Zu @ �O zkhuhdv xqghu v|pphwulf

orfdwlrq/ hduqlqjv duh htxdo wr

Z r @ �O. +t}W � �}W � i,QW@5= +55,

Xvlqj +4;, dqg +4<,/ wkh frqglwlrq ehfrphv

\ �
4 . �j3�

5�j3�

zkhuh

\ �
Z r

Zu
@

�O. +t}W � �}W � i,QW@5
�O

@
� +� � 4 . !,

� +� � 4 . !,� � +� � 4,!
A 4=

Zkhuhdv \ uhsuhvhqwv wkh udwlr ri uhjlrqdo hduqlqjv xqghu djjorphudwlrq/

lw fdq dovr eh lqwhusuhwhg dv wkh dyhudjh ydoxh ri pdqxidfwxuhv dqg djulfxo0

wxuh lq wkh hfrqrp|1 Ilqdoo|/ rqh fdq fkhfn wkdw
�
4 . e�j3�� @ �5e�j3�� @ \

zkhuh e� lv wkh wudqvsruwdwlrq frvw dw zklfk wkh pdunhw vzlwfkhv iurp v|p0

phwu| wr djjorphudwlrq1 Dv d uhvxow/ djjorphudwlrq plqlpl}hv wkh zdvwh lq

wudqvsruwdwlrq li dqg rqo| li � � e� 1 Wklv jlyhv wkh iroorzlqj sursrvlwlrq=
Sursrvlwlrq 9 Wkh orfdwlrq htxloleulxp plqlpl}hv wkh zdvwh lq wudqvsruwd0

wlrq ri pdqxidfwxuhv1

Wkhuhiruh/ qr sodqqhu lv qhhghg wr plqlpl}h wkh wudqvsruwdwlrq ri pdqx0

idfwxuhv dqg djjorphudwlrq |lhogv wkh odujhvw dprxqw ri pdqxidfwxuhg jrrgv

zkhq �upv djjorphudwh1
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716 Xwlolwduldq Sodqqhu

Wkh odujhu dprxqw ri frqvxpdeohv xqghu djjorphudwlrq reylrxvo| ehqh�w

wkh frqvxphuv lq wkh uhjlrq zkhuh djjorphudwlrq wdnhv sodfh dw wkh h{shqvh

ri wkh frqvxphuv lq wkh ghvhuwhg uhjlrq1 Lw lv qdwxudo wr txhvwlrq krz wkh

zhoiduh ri wkh djjuhjdwh srsxodwlrq ydulhv zlwk �upv orfdwlrq1 Wr wklv dlp/

zh dvvxph wkdw wkh sodqqhu lv xwlolwduldq dqg phdvxuhv zhoiduh dv Y @

Xg.Xu zkhuh Xg @
U
�Mg

X�gk1 Vlqfh suhihuhqfhv duh olqhduo| krprjhqrxv/

zhoiduh lq uhjlrq N lv htxdo wr Xg @
U
�Mg

�
Zg
� @SgC

�
gk @Zg@SgC zkhuh

SgC lv wkh jhqhudo sulfh lqgh{ lq uhjlrq N1

Xqghu v|pphwulf orfdwlrqv/ wkh wrwdo zhoiduh lq erwk uhjlrqv fdq eh

ghulyhg iurp wkh gh�qlwlrq ri SgC / +4;, dqg +55,=
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Lq fdvh ri djjorphudwlrq lq uhjlrq N/ zh kdyh Zu @ �O lq wkh ghvhuwhg

uhjlrq/ zkhuhdv Zg @ �O . +t}W � �}W � i,QW lq wkh uhjlrq zkhuh �upv

djjorphudwh1 Khqfh/ iurp +4<,/ wkh wrwdo zhoiduh lq erwk uhjlrqv lv htxdo wr

Y@ � Xg . Xu @
�f +Q
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Zh vhhn wr nqrz zkhq djjorphudwlrq |lhogv d zhoiduh wkdw lv odujhu

wkdq xqghu v|pphwulf orfdwlrq ri �upv1 Iru wklv sxusrvh/ zh dqdo|}h wkh

gl�huhqfh Y@ � Yr=
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Lw lv vwudljkwiruzdug wr fkhfn wkdw lq wkh devhqfh ri wudqvsruwdwlrq frvwv

+� @ 4,/ wrwdo zhoiduh lv lghqwlfdo xqghu v|pphwulf orfdwlrq dqg xqghu dj0

jorphudwlrq +Y@ � Yr @ 3,1 Pruhryhu/ rqh fdq fkhfn wkdw wkh ghulydwlyh

ri Y@ � Yr zlwk uhvshfw wr � lv qhjdwlyh dw � @ 41 Khqfh/ iru � forvh wr
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rqh/ djjorphudwlrq lv zhoiduh lpsurylqj1 Ixuwkhupruh/ zh suryh lq wkh Ds0

shqgl{ wkdw wkhuh lv dw prvw rqh ydoxh ri wkh wudqvsruwdwlrq frvw/ � @ �� /

iru zklfk Y@ @ Yr1 Khqfh/ iru � orzhu wkdq wkh wkuhvkrog �� / wkh sodqqhu

suhihuv wkh v|pphwulf orfdwlrq ri �upv/ zkhuhdv vkh suhihuv djjorphudwlrq

iru � 5 ^�� > 4`1 Pruhryhu/ zh suryh lq wkh Dsshqgl{ wkdw �� lv orzhu wkdq a� /

wkh wudqvsruwdwlrq frvw wkdw lqgxfhv �upv wr djjorphudwh1 Wkhuhiruh/ wkh

orfdwlrq ghflvlrqv ri frpshwlwlyh �upv duh frqjuxhqw zlwk wkh suhihuhqfh ri

wkh sodqqhu lq wzr vlwxdwlrqv= hlwkhu zkhq wkh| erwk suhihu djjorphudwlrq/

l1h1/ iru � 5 ^a� > 4`> ru zkhq wkh| erwk suhihu v|pphwulf orfdwlrqv/ l1h1/ iru

� 5 ^3> �� `1 Lq frqwudvw/ �upv ghflvlrqv duh dw rggv zlwk wkh suhihuhqfh ri

wkh sodqqhu iru � 5 +�� > a�,1 Ilupv orfdwh v|pphwulfdoo| zkhuhdv wkh sodqqhu

suhihuv djjorphudwlrq1 Ilqdoo|/ lw lv hdv| wr fkhfn wkdw wkh dyhudjh ydoxh ri

pdqxidfwxuhv dqg djulfxowxuh/ \> lqfuhdvhv zlwk xqlrq srzhu1 Wkxv/ Y@�Yr

wdnhv qhjdwlyh ydoxhv iru orz ! dqg srvlwlyh ydoxhv iru kljk !1 Wkh v|pphw0

ulf htxloleulxp lv ohvv olnho| wr eh fkrvhq e| wkh sodqqhu zkhq xqlrqv duh

srzhuixo1 Zh vxppdul}h wkhvh wkuhh srlqwv lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq : +l, D xwlolwduldq sodqqhu suhihuv djjorphudwlrq wr v|pphw0

ulf orfdwlrqv li dqg rqo| li � 5 ^�� > 4`1 +ll, Wkh wkuhvkrog �� lv xqltxh dqg

orzhu wkdq a� 1 Iru � 5 +�� > a�,/ wkh sodqqhu suhihuv djjorphudwlrq zkhuhdv wkh

pdunhw vhohfwv wkh glvshuvlrq ri hfrqrplf dfwlylw|1 Iru doo rwkhu ydoxhv ri

� / wkh pdunhw vhohfwv wkh rxwfrph suhihuuhg e| wkh sodqqhu1 +lll, V|pphw0

ulf htxloleulxp lv ohvv olnho| wr eh fkrvhq e| wkh sodqqhu zkhq xqlrqv duh

srzhuixo1

Surri1 Vhh Dsshqgl{1

Wkh suhvhqw dqdo|vlv lv lqvwuxfwlyh derxw wkh srvvleoh frq lfwv ehwzhhq

wkh pdunhw rxwfrphv dqg wkh vrfldo suhihuhqfhv lq wkh frqwh{w ri joredol}d0

wlrq1 Dv wudqvsruwdwlrq frvwv ghfuhdvh lq joredol}lqj hfrqrplhv/ wkh hfrqrp|

pryhv iurp d v|pphwulf htxloleulxp wr djjorphudwlrq lq rqh uhjlrq1 Lq wklv

vhfwlrq/ zh kdyh vkrzq wkdw wklv pryh pd| rffxu wrr odwh iurp wkh ylhz0

srlqw ri d xwlolwduldq sodqqhu1 Pdunhw irufhv khuh irvwhu wrr pxfk glvshuvlrq

ri wkh hfrqrplf dfwlylw|1 D xwlolwduldq sodqqhu zrxog lpsuryh zhoiduh e|

lqgxflqj �upv wr djjorphudwh vrrqhu1
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Iljxuh 4= Djjorphudwlrq yhuvxv v|pphwulf orfdwlrq= Zhoiduh dqg frpshwl0

wlyh htxloleulxp +ydoxh ri �+�> �, iru ! @ 3=8 dqg � @ i5> 6> ===> <j,1

Lw lv xqiruwxqdwho| gl!fxow wr jhw pruh dqdo|wlfdo uhvxowv iurp wkh h{0

suhvvlrq Y@�Yr1 Vwloo/ rqh fdq vhh wkdw lwv vljq ghshqgv rq irxu sdudphwhuv=

�/ �/ � dqg !1 Wkh sursrvlwlrq ixoo| fkdudfwhul}hv wkh h�hfw ri xqlrq srzhu !

rq zhoiduh1 Wr h{dplqh wkh lpsdfw ri wkh rwkhu sdudphwhuv/ zh �{/ zlwkrxw

orvv ri jhqhudolw|/ wkh xqlrq srzhu wr wkh duelwudu| ydoxh ri ! @ 3=8 +�upv

dqg xqlrqv kdyh wkh vdph edujdlqlqj srzhu,1 Iljxuh 4 ghslfwv wkh ydoxhv

ri � @ ��+�>�, iru zklfk Y@ � Yr @ 31 Hdfk fxuyh fruuhvsrqgv wr d vshfl�f

ydoxh ri �1 Wkh orzhu fxuyh fruuhvsrqgv wr ��+�>�, dw � @ 5 dqg wkh fxuyhv

pryh xszdugv dv � lqfuhdvhv iurp � @ 5 wr � @ <1

Dv suhglfwhg e| wkh sursrvlwlrq/ zh revhuyh lq wklv �jxuh wkdw iru hdfk

� dqg �/ wkhuh h{lvwv dw prvw rqh ydoxh ri wudqvsruwdwlrq frvw ��+�>�, iru

zklfk Y@ @ Yr1 Wkh �jxuh dovr uhyhdov wkdw wkh }rqh lq zklfk v|pphwu|

lv zhoiduh lpsurylqj lqfuhdvhv zlwk � dqg ghfuhdvhv zlwk �1 Wkxv/ d odujh

vl}h ri wkh pdqxidfwxuh lqgxvwu| +kljk �, dqg d vwurqj lpshuihfwlrq +orz

�, lqgxfh wkh xwlolwduldq sodqqhu wr idyru djjorphudwlrq1 Wkhvh odvw uhvxowv

vhhp jhqhudo dqg kdyh ehhq frq�uphg lq vlpxodwlrqv zlwk rwkhu ydoxhv ri

�/ � dqg !1
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8 Frqfoxvlrqv

Wkh hphujhqfh ri d fhqwhu0shulskhu| sdwwhuq kdv ehhq wkh vxemhfw ri uhfhqw

uhvhdufk dprqj hfrqrplvwv1 Lq sduwlfxodu/ Nuxjpdq +4<<4d, vkrzv wkdw wkh

lqwhudfwlrq ri oderu pljudwlrq dfurvv uhjlrqv zlwk surgxfw pdunhw lpshuihf0

wlrqv dqg wudqvsruwdwlrq frvwv lqgxfhv �upv dqg zrunhuv wr foxvwhu wrjhwkhu

dv uhjlrqv lqwhjudwh1 Krzhyhu/ klv prgho grhv qrw dsso| wr uhjlrqv lq zklfk

prelolw| ri zrunhuv lv yhu| olplwhg1 Wkxv/ lw grhv qrw dsso| wr Hxurshdq

frxqwulhv lq zklfk odqjxdjh/ fxowxudo dqg lqvwlwxwlrqdo gl�huhqfhv klqghu

zrunhu prelolw|1 Krzhyhu/ dqrwkhu gl�huhqfh ehwzhhq Hxurshdq frxqwulhv

dqg wkh Xqlwhg Vwdwhv lv wkh suhvhqfh ri lq xhqwldo xqlrqv1

Lw lv zhoo nqrzq wkdw xqlrqv sxvk zdjhv xs dqg dovr uhgxfh wkh zdjh uh0

vsrqvh wr fkdqjhv lq wkh hfrqrplf hqylurqphqw1 Xvlqj wkh Gl{lw dqg Vwljolw}

+4<::, prgho ri lpshuihfw frpshwlwlrq/ zh vkrz wkdw zdjhv lq xqlrql}hg

�upv frqvlvwv ri d pdunxs ryhu wkh dowhuqdwlyh zdjh lq wkh qrq xqlrql}hg

djulfxowxudo vhfwru1 Wkh pdunxs lqfuhdvhv zlwk wkh xqlrq edujdlqlqj srzhu

exw lv lqghshqghqw ri �upv orfdwlrq1 Wkxv/ li xqlrqv kdyh wkh vdph edujdlq0

lqj srzhu/ zdjhv duh vhw dw h{dfwo| wkh vdph ohyhov dfurvv uhjlrqv/ zkdwhyhu

wkh qxpehu ri �upv1 D uhorfdwlrq ri �upv iurp rqh uhjlrq wr dqrwkhu udlvhv

wkh qxpehu ri kljko| sdlg zrunhuv lq wkh odwwhu dqg uhgxfhv lw lq wkh iru0

phu1 Lqfrph lqfuhdvhv lq wkh uhjlrq zkhuh �upv uhorfdwh/ zklfk udlvhv wkh

ghpdqg iru jrrgv1 Lq frqwudvw/ lqfrph dqg ghpdqg idoo lq wkh ghvhuwhg

uhjlrq1 Vlqfh odujh ghpdqgv dwwudfw �upv/ lw lv srvvleoh wkdw wkh| foxvwhu lq

d vlqjoh uhjlrq1 Lq wkdw uhjlrq/ pdq| zrunhuv duh hpsor|hg lq wkh xqlrq0

l}hg kljk sdlg lqgxvwu|/ zkhuhdv lq wkh rwkhu uhjlrq/ shrsoh duh zrunlqj lq

wkh orz sdlg djulfxowxudo vhfwru1 Wkxv/ frqvlghulqj sxufkdvlqj srzhu udwkhu

wkdq srsxodwlrq/ d fhqwhu0shulskhu| sdwwhuq hphujhv1

Zh suryh wkdw �upv orfdwh lq v|pphwulf orfdwlrqv zkhq wudqvsruwdwlrqv

frvwv duh odujh1 Lq frqwudvw/ wkh| djjorphudwh lq d vlqjoh foxvwhu iru orz

wudqvsruwdwlrq frvwv1 Zh ghprqvwudwh wkdw wkh whqghqf| wr djjorphudwh lq0

fuhdvhv zlwk wkh xqlrq edujdlqlqj srzhu1 Zh dovr vkrz wkdw odujhu xqlrq

srzhu uhgxfhv wkh wrwdo vxsso| ri pdqxidfwxuhv/ exw udlvhv surgxfw ydulhw|1

Ri frxuvh/ dgglqj oderu prelolw| lq wkh prgho zrxog lqfuhdvh wkh olnhol0

krrg ri djjorphudwlrq vlqfh zrunhuv zrxog pryh wrzdugv wkh uhjlrq zlwk
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wkh kljkhvw h{shfwhg hduqlqjv/ wkdw lv/ wrzdugv wkh uhjlrq zkhuh �upv duh

foxvwhuhg1

Zh �qdoo| dqdo|}h wkh zhoiduh shuirupdqfh ri wkh gl�huhqw htxloleuld1 Zh

�uvw vkrz wkdw wkh jdlqhuv iurp rqh uhjlrq fdq qhyhu frpshqvdwh wkh orvhuv

orfdwhg lq d ghvhuwhg uhjlrq1 Wkxv/ djjorphudwlrq dozd|v fuhdwhv orvhuv hyhq

zkhq frpshqvdwlrq vfkhphv duh dydlodeoh lqvwuxphqwv1 Vhfrqg/ wkh orfdwlrq

htxloleulxp plqlpl}hv wkh zdvwh lq wudqvsruwdwlrq1 Ilqdoo|/ wkh pdunhw vh0

ohfwv wkh rxwfrph suhihuuhg e| d xwlolwduldq sodqqhu zkhq wkh wudqvsruwdwlrq

frvw lv hlwkhu orz ru kljk1 Lq frqwudvw/ iru lqwhuphgldwh wudqvsruwdwlrq frvwv/

wklv sodqqhu suhihuv djjorphudwlrq zkhuhdv wkh pdunhw vhohfwv wkh glvshuvlrq

ri hfrqrplf dfwlylw|1

Wkhuh reylrxvo| h{lvwv pdq| lqwhuhvwlqj zd|v lq zklfk wklv prgho frxog

eh h{whqghg1 Zh irfxv khuh rq wkuhh gluhfwlrqv iru ixuwkhu uhvhdufk1 Iluvw/

uhvhdufk frxog sxw pruh jhrjudsk| lqwr wkh prgho1 E| h{dplqlqj wkh or0

fdwlrq ri �upv dprqj pruh wkdq wzr uhjlrqv lw frxog eh srvvleoh wr vwxg|

zkhwkhu hfrqrplf dfwlylw| frqfhqwudwhv lqwr d vlqjoh uhjlrq ru lqwr d vhw ri

uhjlrqv1 Wkh sulfh uljlglwlhv wkdw duh jhqhudwhg lq xqlrq prghov/ vxfk dv

wklv rqh/ vkrz vrph uhpdundeoh surshuwlhv wkdw frxog eh h{sorlwhg lq pxowl0

uhjlrq h{whqvlrq1 Vhfrqg/ zh kdyh dvvxphg wkdw xqlrq srzhu zhuh htxdo lq

erwk uhjlrqv1 Dv d frqvhtxhqfh/ zdjhv duh htxdo lq erwk uhjlrqv dqg �upv

gr qrw uh0orfdwh iru frvw gl�huhqwldo uhdvrqv1 Doorzlqj iru gl�huhqw xqlrq

srzhu dfurvv uhjlrqv zrxog pdnh wkh prgho pruh frpsoh{ exw zrxog dgg

d qhz irufh e| lqgxflqj �upv wr uhorfdwh wrzdugv uhjlrqv zlwk wkh orzhvw

frvwv1 Ilqdoo|/ zh kdyh irfxvvhg rq rqh nlqg ri oderu pdunhw lpshuihfwlrqv wr

frqfoxgh wkdw odujhu xqlrq srzhu lqgxfhv �upv wr djjorphudwh lq d vlqjoh uh0

jlrq1 Rwkhu nlqgv ri oderu pdunhw lpshuihfwlrqv dovr h{sodlq zdjh uljlglwlhv

wkdw duh suhvhqw lq Hxursh1 Wkxv lw zrxog eh zruwkzkloh wr fkhfn zkhwkhu

wkhvh lpshuihfwlrqv |lhog d vlplodu uhvxow1 Krzhyhu/ wkh g|qdplfv lqkhuhqw

lq prvw ri wkhvh prghov +h1j1 vhdufk prghov/ h!flhqf| zdjh prghov/ 111, duh

gl!fxow wr lqfrusrudwh lqwr wkh vsdwldo dqdo|vlv ri wkh Nuxjpdq*v +4<<4d,

prgho1
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9 Dsshqgl{

Ghulydwlrq ri wkh sur�w gl�huhqwldo +48,1 Zh �qg +48, e| vroylqj wkh

irxu olqhdu htxdwlrqv +46047, zlwk irxu xqnqrzqv }g dqg Zg / N 5 iD>Ej1
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Lq wkh v|pphwulf htxloleulxp/ Q� @ Q@5 @ Q�1 Xvlqj +56, dqg +58,

rqh �qgv

}W @ }W� @ }W� @
� +� � 4,2

�
5�O� iQ

�
�Q +�2 � � +4 . �, . �! +4� �, . �,

=

Lq wkh htxloleulxp zlwk djjorphudwlrq/ Q� @ Q zkhuhdv Q� @ 31 Xvlqj

+56, dqg +58, rqh dovr �qgv

}W� @
� +� � 4,2

�
5�O� iQ

�
�Q +�2 � � +4 . �, . �! +4� �, . �,

=

Ghulydwlyh ri e� zlwk uhvshfw wr �= Zh khuh frpsxwh wkh ghulydwlyh rie� zlwk uhvshfw wr �1 Zh kdyh

e� @
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zlwk { � 41 Ohw xv dqdo|}h wkh ghulydwlyh ri orj e� zlwk uhvshfw wr �1

g orje�
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@
4

+� � 4,2

k
� orj {.

{j
{

+� � 4,
l
=

E| surshuwlhv ri orjv zh kdyh � orj+{, � 4�{ iru { � 41 Khqfh/ d vx!flhqw

frqglwlrq wr jhw d srvlwlyh ghulydwlyh ri e� zlwk uhvshfw wr � lv

4� {.
{j
{

+� � 4, A 3=

Zh fdq frpsxwh
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Khqfh/ wkh vx!flhqw frqglwlrq zulwhv
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Q
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.
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GQ
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k
+� � 4,2 � !

l
A 3>

ru/ Q +G �Q, . 5�! +� � 4,
k
+� � 4,2 � !

l
A 3=

Xvlqj wkh gh�qlwlrqv ri Q dqg G zh kdyh G � Q @ 5�! +� � 4,1 Wkh

vx!flhqw frqglwlrq ehfrphv

5�! +� � 4,
k
Q . +� � 4,2 � !

l
A 3=

Rqh fdq fkhfn wkdw Q A ! zklfk suryhv wkh uhvxow1

57



Surri wkdw 5O A iQ 1 Wkh �{hg frvwv lq wkh pdqxidfwxulqj �upv uhtxluh

iQ djulfxowxudo jrrgv dqg wkh qxpehu ri iduphuv vkrxog eh vxfk wkdw 5O A

iQ 1 Xvlqj +4:,/ rqh fdq fkhfn wkdw/ lq htxloleulxp/ 5O�iQW wdnhv wkh vljq

ri +� � 4, +� � �, . !� +4� �, zklfk lv srvlwlyh1

Surri ri Sursrvlwlrq :1 Zh qhhg wr vkrz +d, wkdw Y@ A Yr li dqg rqo|

li � A �� > zkhuh �� lv xqltxh/ dqg +e, wkdw �� ? a� 1

+d, Iru wkh �uvw lwhp zh suryh wkdw Y@ A Yr li � A ��4 dqg/ li � ? ��4

dqg � A �� > zkhuh �� lv xqltxh1

Lw lv vwudljkwiruzdug wr fkhfn wkdw +Y@ � Yr, wdnhv wkh vdph vljq dv
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+
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�
4 . �j3�

5

� >
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,
� +4� �>, =

Wkh ghulydwlyh ri wklv h{suhvvlrq zlwk uhvshfw wr � lv htxdo wr

��>3�

+
4� \

�
4 . �j3�

5�j3�

� >

j3�
3�
,
=

Wkh whup �>3� lv ghfuhdvlqj lq � 1 Pruhryhu/ wkh whup
�
4 . �j3�

�
@5�j3�

dozd|v wdnhv ydoxhv deryh 4 dqg lv ghfuhdvlqj lq � 1 Rq wkh rqh kdqg/ vlqfh

\ A 4/ wkh vtxduh eudfnhw whup lv dozd|v qhjdwlyh zkhq �@ +� � 4, A 41 Wkh

gl�huhqfh ehwzhhq Y@ dqg Yr ghfuhdvhv zkhq � A ��41 Rq wkh rwkhu kdqg/

wkh fxuo| eudfnhw whup/ dqg wkxv wkh ghulydwlyh ri Y@ � Yr/ duh ghfuhdvlqj

ixqfwlrqv ri � zkhq �@ +� � 4, ? 41 Wkh gl�huhqfh Y@ � Yr lv d frqfdyh

ixqfwlrq ri � zkhq � ? ��41 Zh nqrz wkdw lw kdv }hur ydoxh zlwk qhjdwlyh

ghulydwlyh dw � @ 41 Lw fdq wkhuhiruh kdyh d vhfrqg }hur +zlwk srvlwlyh

ghulydwlyh, dw � � � ? 41 Iru dq| � A � / Y@ � Yr A 31

Wr vxp xs/ li � A � � 4/ Y@ A Yr ;� 5 ^3> 4`1 Rwkhuzlvh/ wkhuh h{lvwv d

xqltxh � vxfk wkdw Y@ A Yr / � A � 1

+e, �� ? a� 1

Zh �uvw suryh wkdw dw � @ a� / +Y@ � Yr, � 31 Rqfh wklv uhvxow hvwdeolvkhg/

zh xvh wkh gh�qlwlrq ri �� / zklfk vwdwhv wkdw +Y@ � Yr, lv srvlwlyh iru doo

� 5 ^�� > 4`1 Vlqfh +Y@ � Yr, � 3 dw � @ a� / lw iroorzv wkdw �� ? a� 1

Ohw xv qrz suryh wkdw +Y@ � Yr, � 3 dw � @ a� 1 Zh kdyh
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Rqh fdq dovr fkhfn wkdw 5\ @
�
4 . e�j3�� @e�j3�1 Khqfh/ dw � @ a� / zh fdq

zulwh/ diwhu vrph dojheudlf pdqlsxodwlrqv/

+Y@ � Yr, @
�f �O +QW,
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+e�>nj3� . 4�

�
4

5
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j3�
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,
=

Wkh vljq ri +Y@ � Yr, lv jlyhq e| wkh vljq ri wkh h{suhvvlrq lq fxuo| eudfnhwv1

Wklv h{suhvvlrq ghfuhdvhv lq a� li dqg rqo| li

+�. � � 4, a�j32

#
a�> �

�
4 . a�j3�

5

� >

j3�

$
� 3>

wkdw lv/ li dqg rqo| li �
4 . a�j3�

5a�j3�

� �

j3�

� 4>

zklfk krogv iru doo a� � 41 Wkhuhiruh/ dw � @ a� / +Y@ � Yr, wdnhv lwv orzhvw

ydoxh li a� @ 41 Dw a� @ 4/ lw lv vwudljkwiruzdug wr fkhfn wkdw +Y@ � Yr, @ 31

Khqfh/ +Y@ � Yr, � 3 dw � @ a� =

: Uhihuhqfhv

V1 Ehqwrolod +4<<:,/ Vwlfn| Oderu lq Vsdqlvk Uhjlrqv/ Hxurshdq Hfrqrplf

Uhylhz/ 74/ 8<408<;1

R1 Eodqfkdug dqg V1 Ilvfkhu +4<;<,/ �Ohfwxuhv rq Pdfurhfrqrplfv�/ PLW

Suhvv/ Fdpeulgjh/ PD1

M1 Ghfuhvvlq dqg D1 Idwäv +4<<8,/ Uhjlrqdo Oderu Pdunhw G|qdplfv lq Hx0

ursh/ Hxurshdq Hfrqrplf Uhylhz/ 6</ 495:049881

D1N1 Gl{lw dqg M1 Vwljolw} +4<::,/ Prqrsrolvwlf Frpshwlwlrq dqg Rswlpxp

Surgxfw Glyhuvlw|/ Dphulfdq Hfrqrplf Uhylhz/ 9:/ 5<:063;1

U1 Idlql/ J1 Jdool/ S1 Jhqqdul dqg I1 Urvvl +4<<:,/ Dq Hpslulfdo Sx}}oh=

Idoolqj Pljudwlrq dqg Jurzlqj Xqhpsor|phqw Gl�huhqwldov dprqj Lwdoldq

Uhjlrqv/ Hxurshdq Hfrqrplf Uhylhz/ 74/ 8:408:<1
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P1 Ixmlwd/ S1 Nuxjpdq dqg D1 M1 Yhqdeohv +4<<<,/ �Wkh Vsdwldo Hfrqrp|=

Flwlhv/ Uhjlrqv dqg Lqwhuqdwlrqdo Wudgh�/ PLW Suhvv/ Fdpeulgjh/ PD1

P1 Ixmlwd dqg M1I1 Wklvvh +iruwkfrplqj,/ �Hfrqrplfv ri Djjorphudwlrq�/

Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

S1U1 Nuxjpdq +4<<4d,/ Lqfuhdvlqj Uhwxuqv dqg Hfrqrplf Jhrjudsk|/ Mrxu0

qdo ri Srolwlfdo Hfrqrp|/ <</ 7;607<<1

S1U1 Nuxjpdq +4<<4e,/ �Jhrjudsk| dqg Wudgh�/ PLW Suhvv/ Fdpeulgjh/

PD1

S1U1 Nuxjpdq dqg D1 M1 Yhqdeohv +4<<8,/ Joredol}dwlrq dqg Wkh Lqhtxdolw|

ri Qdwlrqv/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 443/ ;8:0;;31

L1P1 PfGrqdog dqg U1 Vrorz +4<;4,/ Zdjh Edujdlqlqj dqg Hpsor|phqw/

Dphulfdq Hfrqrplf Uhylhz/ :4/ ;<90<3;1

J1L1S1 Rwwdyldqr +5334,/ Prqrsrolvwlf Frpshwlwlrq/ Wudgh/ dqg Hqgrjhqrxv

Vsdwldo Ioxfwxdwlrqv/ Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv/ 64/ 840::1

J1L1S1 Rwwdyldqr dqg G1 Sxjd +4<<;,/ Djjorphudwlrq lq wkh Joredo Hfrq0

rp|= D Vxuyh| ri wkh cQhz Hfrqrplf Jhrjudsk|*/ Zruog Hfrqrp|/ 54/

:3:0:641

D1M1 Rvzdog +4<;8,/ Wkh Hfrqrplf Wkhru| ri Wudgh Xqlrqv= Dq Lqwurgxf0

wru| Vxuyh|/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv/ ;:/ 49304<61

G1 Sxjd +4<<<,/ Wkh Ulvh dqg Idoo ri Uhjlrqdo Lqhtxdolwlhv/ Hxurshdq Hfr0

qrplf Uhylhz/ 76/ 63606671

D1M1 Yhqdeohv +4<<9,/ �Htxloleulxp Orfdwlrqv ri Yhuwlfdoo| Olqnhg Lqgxv0

wulhv�/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 6:/ 674068<1
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