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Abstract

Although a number of different models have been suggested for the process that
brings workers and firms together in the labour market, none of these performswell in
empirical studies of the aggregate matching function. Empirically, the most successful
functional form is Cobb-Douglas, for which there are no microfoundationsin the
existing literature. | present anew model for the matching process, based on a
“telephone line” Poisson queuing process. Thisimplies a CES matching function,
approximately Cobb-Douglas when marginal search costs are approximately constant.
The model provides an interpretation for empirical evidence, and insight into the

theoretical efficiency conditions for matching models.
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New Microfoundations for the Aggregate Matching Function, with

Empirical and Theoretical | mplications

The matching function is the lynchpin of search and matching models of the labour
market. The rate of matching, m, istaken to be afunction of the stock of unemployed
workers, u, and the stock of vacant posts, v, in the market. If there were no frictions,
matching would be instantaneous (and the number of matches would be determined
by the short side of the market). But when workers and firms have to engagein a
costly and time-consuming process of search to find each other, the matching function
captures the technology that brings them together. It encapsulates search and
matching frictions, allowing a more realistic description of the labour market, and of

unemployment.

The matching function is by definition the source of frictional unemployment in such
models; it may be the source of additional inefficiencies, due to search externalities,

since each searching worker or firm affects the rate of matching for other agents. But
the interpretation of existing theoretical results, and of empirical estimates, is limited
by the assumption that the matching function is an exogenous “black box”, unrelated

to agents' behaviour or to other features of the labour market environment.

In this paper, | present simple microfoundations for the aggregate matching function.
The model has several advantages: it can be directly integrated into standard search
and matching models; it is consistent with, and guides the interpretation of,
accumulated empirical evidence; and it provides some insight into the conditions for

efficiency in search models.

1. Some Problemsin the Literature on Matching Functions

There is abroad consensus in the literature on some desirable basic properties for the
matching function m(u,v). It should be increasing and concave in both arguments,
with m(0,v)= m(u,0)=0. Constant returnsis often imposed, and thought to be a
reasonable assumption, although some models (for example, the well-known model of
Diamond, 1982) use matching functions with increasing returns, resulting in athin

market externality and multiple equilibria.



Petrongolo and Pissarides (2001) provide a comprehensive survey of the matching
function, focusing on microfoundations and empirical evidence. A variety of
functional forms is suggested by different specifications of the matching process. One
category of modelsis derived from static “urn-ball” processes: suppose, for example,
that in each period a proportion a of unemployed workers each place aball (job
application) in arandomly chosen urn (ajob vacancy), and the employer fillsthe
vacancy by selecting aball from the urn at random. Here, matching frictions are due
to a co-ordination problem between workers resulting in congestion — some urns
receive several balls and others none. The parameter a represents the search intensity
of unemployed workers. Then the expected number of matchesis equal to the number
of urnswith at least one ball:

m=v(l-@1-1/v)™) (1)
The matching function (1) can be approximated for large v (holding v/u constant) by:
m = v(1-exp(—au/v)) (2

Thisisthe standard urn-ball functional form, obtained by (among others) Hall (1979)
and Peters (1984). For a continuous time version we could suppose that each worker
sends out applications at constant Poisson rate a to randomly chosen vacancies. Then
the expected number of vacancies receiving at least one application in atime period of
length dt is v(1—exp(—audt/v)), asin the urn-ball model above. Letting dt tend to

zero gives a Poisson matching rate that is linear in unemployment:
m= au (3)

Matching functions (1) to (3) represent an asymmetric view of the matching process,
in which all search is undertaken by workers, and firms are merely passive recipients
of applications. We could extend the continuous time version of the model (asin
Mortensen and Pissarides, 1999) to allow for simultaneous search on both sides of the
market, so that firms separately make contact with workers at recruitment rate y. This

leads to a symmetric linear matching technology:

m=au+ (4)



There are severa alternative approaches: for example, stock-flow matching (Coles
and Smith, 1998) in which the problem is heterogeneity and mismatch between the
existing stocks of unmatched agents, rather than any coordination failure; and the
statistical aggregation approach which is based on the assumption of limited mobility
of capital and Iabourh:.I However, urn-ball models have an intuitive appeal, and remain
popular in theoretical discussion when interpretation for the matching function is

required (asin, for example, Acemoglu and Shimer, 1999).

Despite their popularity, matching functions derived from urn-ball models do not have
particularly desirable theoretical properties and cannot easily be integrated into
standard search models, most of which are continuous time models treating workers
and firms symmetrically. The ubiquitous function (2), which does at least satisfy the
basic requirements outlined at the beginning of this section, is derived from a static,
asymmetric, model. In the continuous time equivaent (3) the main attractive feature
of the urn-ball model has been lost: the probability that any vacancy receives more
than one application is of order dt so the congestion effect disappearsin the limit.
Furthermore, the linear technologies (3) and (4) do not behave well when either u or v

issmall relative to the other, and in particular do not satisfy the basic requirement that

m(0,v)= m(u,0)=0.

Empirically, urn-ball models do not perform well. The most successful empirical
functional form is Cobb-Douglas, for which microfoundations have never been
provided. Petrongolo and Pissarides summarise the wealth of empirical support for a
Cobb-Douglas matching function with constant returns to scale, and an elasticity with
respect to unemployment of between 0.5 and 0.7. Blanchard and Diamond (1990)
also estimated a CES function, obtaining an elasticity of substitution between
unemployment and vacancies not significantly different from unity (corresponding to
the Cobb-Douglas case). Estimates of the unemployment elasticity in European
countries have tended to be higher than those for the US. The lack of
microfoundations, however, makes it difficult to interpret such results — theory gives

no explanation for a higher unemployment elasticity in one market than in another.

! The matching function is derived by statistical aggregation of unemployment and vacanciesin a set of
micromarkets, where the short side of each market clears, but there is no mobility between
micromarkets. A log-normal distribution of the vacancy-unemployment ratio across micromarkets
implies a CES-type aggregate matching function.



A recurrent theoretical theme is the effect of search externalities, which are a by-
product of the matching function, on the efficiency of the equilibrium. Hosios (1990)
identified a general condition under which all externalities are internalised and all
decisions are efficient: the elasticity of matching with respect to unemployment must
be equal to the worker’ s share of the match surplus. More precisely, let the matching

function be m(u,v,a, y) where a and y represent the search and recruitment

intensities of workers and firms respectively. Assume that search effort is “input-
augmenting” (Pissarides, 2000) so that the matching function can be written:

m(u,v,a, y) = m(au, W) (5)

and also that the match surplusis shared between worker and firm according to a
Nash bargain with a share S for the worker. Then entry decisions, job acceptance and
destruction decisions and choices of search and recruitment intensity a and y are
jointly efficient if and only if, firstly, the matching function has constant returnsto
scale and secondly, the unemployment elasticity is equal to the worker’ s bargaining
share:

“m, =8 (6)

m

The Hosios efficiency condition (6) is somewhat unsatisfactory, in that thereis no
particular reason why it should be satisfied, and yet nothing to explain why it is not.
Suppose, for example, bargaining power £Gis constant, and the matching function is
Cobb-Douglas so that the elasticity is also constant. Even in that case, as discussed by
Pissarides (2000), there is no reason why they should be equal — since bargaining
power is “determined in a different environment and without reference to the
structural properties of the matching technology”. Efficiency in the Cobb-Douglas
case requires the equality of two exogenous parameters, and there is nothing in the
model to suggest how they are determined, or any link between them. Pissarides

argues, therefore, that we are unlikely to find intuition for the Hosios condition.

One approach to the resolution of this problem isto maintain the assumption of an
exogenous black-box matching function, but consider alternatives to Nash bargaining

for the determination of wages, and to ook for conditions under which the resulting



surplus shares satisfy the Hosios condition. Shimer (1996) and Moen (1997) show
that if firms announce wage-contracts, and workers are sufficiently well-informed to
direct their search towards firms posting particular contracts, the Hosios condition
holds in equilibrium. In these models, the mechanism that leads to efficiency is that
by varying the wage a firm can vary its flow of applicants — because workers are
aware of such variations and direct their search accordingly. This creates effective
competition between firms, which disciplines them to make wage offers that
internalise search externalities. These models can be interpreted as an intermediate
case between standard matching models in which workers are less well-informed, and
perfect competition (Moen callsit “competitive search equilibrium™). However, they
provide a solution to the problem of the Hosios condition only under the more

stringent information conditions that allow directed search.

In what follows | present microfoundations for avery simple matching process. Itisa
continuous-time process that treats workers and firms symmetrically, so it can be
easily integrated into standard search models. It can be seen as a continuous-time
anaogue of an urn-ball model, capturing the same kind of congestion problem
between agents on the same side of the market. The resulting matching function is
CES, and approximately Cobb-Douglas when marginal search costs are
approximately constant. Hence it is consistent with existing empirical evidence, but
aso identifies the determinants of the unemployment elasticity, and of the elasticity
of substitution between unemployment and vacancies, giving us an interpretation of
empirical estimates of these parameters. Finally, since the unemployment elasticity is
not an exogenous parameter, but depends on (amongst other things) the worker’s
bargaining share £, the model offers a different perspective on the Hosios efficiency

condition.

2. The Matching M odel

The framework for the matching model is the same as that of Hosios (1990) — the
main innovation in this paper comes from the specification of a particular matching
technology, and particular search cost functions. We have a mass of identical workers
and amass of identical firms, and each firm can employ one worker. Let u be the

number of unemployed workers and v the number of vacant jobs. When an



unemployed worker meets afirm with a vacancy, the flow productivity y of their
match is realised, as a random variable from some continuous distribution F(y).
Provided that the net surplus from the match is positive, the match is consummated
and the surplusis shared according to a Nash bargain in which the bargaining power
of the worker is £(0,1). Productivity remains constant for the duration of the match,
but matches are destroyed at exogenous Poisson rate A, in which case the worker re-

enters unemployment, and the job becomes vacant.

All agents are risk-neutral, with positiveﬂdiscount rater. The flow rate of meetingElis

given by afunction m(u,v,a, y) . Unemployed workers and firms with vacancies
choose their search and recruitment intensities @ and y to maximise their expected
present value of income. We will assume that they have convex cost functions C,(a)
and C¢()). In addition, workers obtain flow benefit z while unemployed, and firms

incur afixed flow cost x of maintaining a vacancy.

In a steady-state equilibrium let the expected present value of income for an
unemployed worker be U, and the expected present value to the firm of avacancy be
V. For amatch with productivity y and wage w, let the worker’ s valuation be Wand
the firm’ s valuation be J. Since matches break down at Poisson rate A, these satisfy
the Bellman equations:

rw=w+AU -w)

_ (7)
rJ=y-w+A\V -J)
Hence the expected net surpluses for the worker and firm are, respectively:
W_Uzw—rU andJ_V:M )
r+A r+A

A match isjointly acceptable if and only if it can provide a positive net surplus for
both parties—that is, if it has productivity greater than or equal to the reservation
value y* defined by:

2 Hosios (1990) presented his results for the limiting case of a zero discount rate, since this makes the
derivation of the efficiency results much simpler. However, these results also hold for a positive
discount rate (see for example Pissarides, 2000) so there is no need here to let r tend to zero.

3 We follow Hosios (1990) in letting the matching function represent the rate of meeting, or the contact
rate (Pissarides, 2000). Whether or not a meeting results in a consummated match depends on its
realized productivity.



y*=r(U+V) ©)

For a match with productivity y = y*, the wage is determined according to a
generalised Nash bargain:w=rU + ,B(y - y*) . So the worker’ s and firm'’ s expected

surpluses from an acceptable match can be written:

wou =B0=Y) 5oy = @ Bly-y) (10)
r+A r+A

Ex-ante (beforey isreveaed), their expected gains from a contact are therefore S
and (1- £)S, where Sisthe expected total surplus:

—_ 1 _ * * —_ y_y*
S=——Ely-y*ly>y ]Pr[yzy*]—y[—w dF (y) (11)

Let a and y be the equilibrium search and recruitment intensities, and consider a
worker who sends out applications at current rate a; (for atimeinterval of length dt)
and at future rate a. The probability that an application makes contact with afirmis

(m/au)dt, so his valuation of unemployment is:
U(a,) =(z-C,(a,))dt + (- rdt)(U (@) +%dtﬂ5j (12)

Maximising with respect to a; and setting a;=a leads to the first-order condition for

equilibrium search intensity:
' m
C, (@)=—/5 (13)
au

and setting a;=a and letting dt — 0 in (12) determines the equilibrium valuation of

unemployment:
rU=2z-C,(a)+ s (14)
u

Similarly for the firm:



C/ (N=21-p)S (15)
W
and
IV =-x=C, () + (1= A)S (16

Adding (14) and (16), using (11), gives an equation for the equilibrium reservation
productivity y*. Then the determination of the equilibrium is completed by imposing
the steady-state condition that the inflow to jobs must equal the outflow to
unemployment, together with entry conditions for workers and firms — typically that

the mass of workersisfixed, and free-entry for firms.
3. The Matching Technology

The model for the matching technology is based on the classic “telephone line’
Poisson queuing process (Cox and Miller, 1965). Workers send out applications
(make calls) randomly to firms with vacancies at Poisson rate a, and the firms
respond to applications at Poisson rate ). This corresponds to workers sending
applications at exponentially-distributed time intervals with expectation 1/a, and
similarly firms taking an exponentially-distributed length of time to process an
application, with expectation 1/y. We can interpret the processing time as the time
required to ascertain the productivity of the match. If, when the worker makes a call
to a particular vacancy, the firm is already engaged in processing another application,
the lineis busy and the call does not get through — so the application fails. Thisisthe
main technol ogical assumption, which capturesin a simple way the same kind of
congestion or co-ordination problem asin urn-ball models of matching. When the
firm finishes processing an application, it either entersinto the match (if it is
sufficiently productive) or rejects the application and waits for further calls. So at any
instant, avacancy isin one of two states: it is either “open” and waiting for

applications, or busy processing.

The total number of vacanciesisv; let v, be the number of open vacancies. Whenuis
the number of unemployed workers, the total number of applications sent out per unit

timeis au, so therate of arrival of applications at each vacancy is au/v, and the



number of applications arriving at open vacancies and therefore entering the
processing system is auvy/v. In steady-state, thisis equal to the outflow from
application processing, which is v-v,). Equating these two expressions and
rearranging gives the proportion of vacancies that are open at any instant, in the
steady state:

Vo W (17)
vV o au+pw

Since this expression is the probability of any individual application encountering an

open vacancy, the total number of successful meetings per unit time —that isthe

matching rate —is given by:

m(u,v,a, y) = T% (18)
au+ w

This matching function is, as required, increasing and concave in u and v. It has
constant returnsto scale. It is aso increasing and concave in the workers' job search
intensity a, and in the firms’ recruitment intensity y; which are input-augmenting. The
rate of matching tends to zero asu or v tends to zero, and as the number of vacancies
tends to infinity the rate of matching tends to au, which is the rate of applications. In
short, the function has al of the properties we would like it to have. Note adlso that it is
a CES function, with elasticity of substitution between unemployment and vacancies
equal to ahalf.

Since this matching function has constant returns and input-augmenting search
intensities, the Hosios condition (6) is necessary and sufficient for efficient decisions
on three margins — entry, search and recruitment intensity, and job creation and

destruction. The elasticity of matching with respect to unemployment is given by:

(19)

which, from above, is the probability that an individual application makes successful
contact with afirm, or equivalently the proportion of total search effort undertaken by

firms. Thus, a high unemployment elasticity corresponds to alow congestion problem

10



facing workers. Correspondingly thisimplies a high congestion problem facing firms,
in the sense that their recruitment effort is high relative to applications, so individual

firms face alower contact probability.
4. The Unconditional Matching Function

The matching function (18) determines the matching rate m(u,v,a ,)) conditional upon
search intensities a and y. Equations (13) and (15) define (at least implicitly) the
worker’s and firm’s optimally chosen search and recruitment intensities,

a=a*(u,v) and y = y*(u,v). By substituting these back into the conditional
matching function, we can obtain the matching function with endogenous search, or

unconditional matching function:
m* (u,v) = m(u,v,a* (u,v), y* (u,v)) (20)

It is the properties of thisfunction m* that are of empirical interest, since search and
recruitment effort are not normally observed. The relationship between the two
functions depends on the form of the search and recruitment cost functions. Suppose

that they have constant and identical elasticitiesﬂ.

c
C,(a) :C?Wak and C, () :?fy"wherek>l, and cy, ¢G>0 (21)

Then, using (13) and (15) to eliminate a and yfrom the definition of the matching

function (18) gives:

CiV
m=(msS — . (22)
c,u C,V
Defining:
_ c,/f - S
=1-1/k, = L , and S= 23
g 7= o B+e, =) c.iBrc la-p &

* In section 5 below we will generalize to alow for the two functions to have different elasticities.

11



and rearranging (22) to solve for m, gives after alittle manipulation a CES form for
the unconditional matching function:

N

m* (u,v) = §;’p(_ 1 j (24)

T+ A=)V
4.1 Reaults

We can summarise the implications of this analysis as follows. With endogenous
search and recruitment intensities, and constant elasticity search cost functions (21),

the matching process described in section 3 implies that:

(i) The aggregate matching function is CES.
The conditional matching rate mis given by equation (18); the unconditional
matching rate m* is a CES function of unemployment, u, and vacancies, v, given
by equation (24).

(it) The elasticity of substitution between unemployment and vacancies is determined

by the elasticity of search and recruitment costs.

In equation (24), the elasticity of substitution, o*, between u and v, is given by
o* =1/(1+ p) .. Hence from the definition of p above it depends on the elasticity

of the search cost functions, k:

1
2-1/k

o* =

The elasticity of substitution isinversely related to the cost elasticity k. When kis
very high, o* iscloseto ahalf, which isthe éasticity of substitution of the
unconditional matching function m. In this case search and recruitment effort are
almost exogenous; in the limit both a and yare equal to one, and the conditional

and unconditional matching functions are identical:

uv
m=nt =
u+v

As k decreases towards one, the cost function becomes more linear, and the

elasticity of substitution between unemployment and vacancies increases towards

12



one. Intuitively, if marginal costs are approximately constant, workers and firms
can adjust their search intensities easily in response to changesin u and v.

(iii) The elasticity of matching with respect to unemployment is determined by the

costs of search relative to the benefits, for workers relative to firms.

Log-differentiating (24) gives the unemployment elasticity of the unconditional

matching function:

- Cu/ B

* Al-p,-P
dlogm* _ 74 where 77 =
c,/B+c, I[1-B)

dlogu 7 Pu” +(L-7)Pv

=

/7* isincreasing in 77 . Hence, the unemployment elasticity is high when the
worker’ srelative cost of search c,/(cy+¢) ishigh compared with his relative
benefit £.

(iv) The unemployment elasticity /7* of the unconditional matching function is equal

v)

to the unemployment elasticity 7 of the conditional matching function.

It can be verified directly using (13) and (24) that the unemployment elasticity
satisfies:

Hence, by (19), it isequal in equilibrium to the unemployment elasticity 7 of the
conditional matching function (18), which is aso the worker’ s contact
probability, or equivalently the proportion of total search effort undertaken by
firms. (We show in section 5 below that the equality of the elasticities hereisa

special case of amore general result.)

When the cost elagticity k is close to one the unconditional matching function m*

is approximately Cobb-Douglas with constant unemployment elasticity equal to
n.

When k is close to one (the cost function is almost linear) pis close to zero, and

the elasticity of substitution o* between unemployment and vacanciesis

13



approximately one. Hence the unconditional matching function (24) is close to its
Cobb-Douglas limiting form. From the expression in (iii) for the elasticity we

obtain:

c,/B
¢,/ B+c, I{1-pB)

m=n

Note however that the function (24) does not have a well-defined limit as p- 0
(k—=21)unless S=c,/B+c, /(- B).Withlinear costs, thisconditionis

necessary for first-order conditions (13) and (15) to have a solution; otherwise
search intensity choices, and hence the rate of matching, would be either zero or

infinite.
4.2 Inter preting the Empirical Evidence

These results provide an interpretation of empirical estimates of the aggregate
matching function. Blanchard and Diamond (1990) estimated a CES matching
function on US data, obtaining an estimate of the elasticity of substitution between
unemployment and vacancies of * = 0.74 . In the model here, this correspondsto a
plausible value for the cost elasticity of k=1.54. Their estimate was not significantly
different from 1, corresponding to the Cobb-Douglas limiting case with k=1. Note,
however, that our model restricts o* to liein therange 0.5 to 1.0, and it would also
be interesting to test the hypothesis o* = 0.5, representing the case of exogenous

search effort.

Blanchard and Diamond'’ s corresponding estimate for the unemployment elasticity
was 0.48. The interpretation provided by our model isthat the costs relative to
benefits were dightly lower for workers than for firms, and a slightly higher
proportion of total search effort was therefore borne, in equilibrium, by workers. As
mentioned above, other studies using the Cobb-Douglas form have obtained an

unemployment elasticity between 0.5 and 0.7, suggesting that the costs of search

14



relative to the benefits are somewhat higher for workers —which could result from

either alower surplus share £3, or a higher marginal cost of search c,f]

Furthermore, by (iv), although empirical studies estimate the unconditional matching
function — they do not control for search effort —we can interpret their estimates of
the unemployment elasticity as referring to the underlying conditional matching

function, which is the value to which the Hosios condition refers.

4.3. Interpreting the Hosios Condition

For the decentralised equilibrium in a matching model to be socialy efficient (that is,
maximise the social surplus, subject to the matching frictions) the Hosios condition
(6) must hold: that is, the elasticity of matching with respect to unemployment must
equal the worker’ s surplus share.

On one level, the efficiency condition is quite intuitive. The decisions made privately
by the worker — whether to enter a matching market, how much to invest in search,
and whether to accept a particular job offer —all depend on the expected return from
search. For an individual worker this depends (see equation (14)) on (m/u)5S, which
is the average probability of matching, multiplied by the worker’ s share of the
surplus. But the social benefits of an additional searching worker depend on the
marginal probability of matching, multiplied by the whole surplus: that is, on m,S.
Socia efficiency on al three margins obtains when these are equal:

m

uhmm

which isthe elasticity condition (6).

The unsatisfactory feature of the condition is that the elasticity of matching with
respect to unemployment is, in general, endogenous, and we have no intuition as to
the conditions under which the elasticity islikely to be more than, less than, or equal

to, bargaining power.

® The unemployment elasticity would also be high if workers had a higher discount rate than firms. It is
straightforward to generalize the analysis to allow for different discount ratesr,, and r;, giving an

15



But in the present model, we know exactly what determines the unemployment
elasticity. Applying results (iii) and (iv) from section 4.1, the Hosios condition for

the matching process of section 3 can be written:

L= Tou” where 77 M
Tru? + Q- Cu/B+c 1= 1)

(25)

When the cost elasticity k is close to 1, the condition is approximately S=r . The

crucia insight from this model isthat, in equilibrium, the elasticity of matching with
respect to unemployment is not an arbitrary quantity, determined separately from

relative bargaining power £, instead, it is adecreasing function of S.

Figure 1: The Unemployment Elasticity 77 isaDecreasing Function of £.

|

c,(r, *+ M)/ B
c, (1, +A)/ B+c, (ry +A)/(1-B)

unemployment elasticity: 77 =
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Figure 1 shows 77 asafunction of 5. As Srisesfrom 0 to 1, the unemployment

elasticity fallsfrom 1 to 0. Thereis no tendency towards efficiency: when Sis high

the unemployment elasticity islow, and vice versa.

Thereis, however, aunique value of Swhich achieves efficiency, and this depends on
the relative costs c,/ci . When the worker’ s relative costs of search are high, then his
relative benefit, £, must also be high if the market isto be efficient. Thisis quite
intuitive. Search by individual workers has two external effects: it raises the
probability of matching for firms, and lowers it for other workers. These probabilities
depend on the relative amounts of search by the two types of agents. Thereisan
efficient relative level, which depends on the relative costs of search: the level that
minimises the total cost of achieving any given absolute level of matching. But the
search decisions of individual agents depend on benefits as well as costs. Only if the
relative benefits happen to be distributed in the same way as the costs will these

decisions be efficient.

The Hosios condition determines the particular value of £ under which the elasticity
takes its optimal value — so that matching is as effective as possible, given the costs of
search. When Sis higher than its efficient level, workers will invest too much in
search (for given relative costs), and firms will invest too little, resulting in alabour
market in which the elasticity of matching with respect to unemployment islow. Then
thereisalow probability of matching for workers and a high probability for firms.

The problem of inefficiency in amatching model can be viewed as akind of hold-up
problem: decisions to enter the unemployment or vacancy pool, and to incur search
costs, are investment decisions resulting in areturn when amatch is formed, but
workers and firms are unabl e to contract to share the costs of these investments
appropriately. The Hosios condition identifies the case when private costs happen to

be distributed in such away that a contract is unnecessary.

5. Mor e on the Relationship between the Unconditional and Conditional
Matching Functions

The results obtained in section 4 are for a particular matching technology which is of

interest because it gives us a CES unconditional matching function. It should be

17



noted, however, that the results for the relationship between the unconditional and
conditional matching functions, mand m*, depend on the specification of the search
cost functions, and are not specific to one matching technology. In this section we
derive some more general results, which hold for any constant elasticity cost

functions, and any matching technology with input-augmenting search intensities.

So, assume now that the cost functions for search and recruitment intensity are:

c
C,(a) :E—Wa"w and C, () :k—fyk‘ where k, ki >1, and ¢y, ¢ >0 (26)

W f

and that the unconditional matching function is homogeneous of degree 1 inu and v
and satisfies (5).

The k parameters are the cost elasticities for the two types of agents, and the ¢
parameters capture differencesin marginal costs. Equations (13) and (15) for optimal

search intensities can then be written:
uc, @ = mas and vc, B =m(1l-B)S (27)

It is convenient to write:

1 1
=1-— and p; =1-—
IOW k IOf kf

w

Then substituting a and yfrom (27) into the conditional matching function (5) we

obtain an equation for the matching rate m* with endogenous search:
e = (S e A A (S (L-77) 7 ) (29)

Equation (28) defines m* as an implicit function of uand v - the unconditional

matching function. We can then prove the following results for m*:

PROPOSITION 1: When search intensities are input-augmenting, with constant elasticity
cost functions, and the conditional matching function m(u,v,a ,)) isincreasing and

concave in uand v, and homogeneous of degree 1:

18



(i) The unconditional matching function m* is also increasing and concave in u and
v, and homogeneous of degree 1.

(ii) The unemployment elasticity /7* of the unconditional matching function is related
to the unemployment elasticity 77 of the conditional matching function by:

_ A
Pul1+ Py (L-1)

,7*

(iif) When the cost elasticitiesare equal ( p,, = p; = p), the unconditional matching

function is given explicitly by:  [m* (u,v)]* = S**M@7*u”,@A-7)"*v*)

the unemployment elasticities are equal: 7*=n

and the elasicities of substitution are related by: —— ~1= ,0[1 —1) .
g g

PROOF: See Appendix.

The implication of Proposition 1 isthat, provided we assume that search and
recruitment int ensities are input augmenting with constant cost elasticities, we can
effectively ignore the search intensity choice problem and work only with the
unconditional matching function m*, which then has all the standard properties.

Furthermore, if the cost elasticities are equal, we have the result obtained in section 4:
the unemployment elasticity of the underlying conditional function is the same as that
of the unconditional function, so can be estimated without data on search intensities.
Also, the effect of endogenous search intensity isto increase the elasticity of
substitution between unemployment and vacancies; and the lower is the cost elasticity
k, the more workers and firms will adjust their search in responses to changesin u and

v, and hence the higher is the elasticity of substitution between u and v.

In the case when the cost elasticities are not equal, the unemployment elasticity of m*
is affected by their relative values. So if, for example, search costs increase more
rapidly for workers than for firms, this will increase the unemployment elasticity.

With the particular matching technology in section 3, this would mean that the
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unemployment elasticity /7* would be higher than the equilibrium probability of a
successful contact, which would still be equal to 7.

5.1 Eliminating Sear ch Intensities from the Matching M odel

As suggested above, with constant elasticity cost functionsit is possible to remove the
search intensity choice from the model and work only with the unconditional
matching function. To see this, we can use (26) and (27) to substitute for the cost
functionsin (14) and (16):

ruU = Z+prﬁs (29)
v = x+ U gy (30)
PulB

Now if we write: 8* = dpo=p,L+p:1-P5)

an
PuB+ p; A= B)
these equations are the standard Bellman equations for the flow value of
unemployment and vacancies in amodel with exogenous search intensities:

pm*

(U =z+ PNV 5 g (31)

pm*

(V= - P UN) 1 _ piys (32)
We know from Proposition 1 that the matching function m* has all the requisite
properties. (It should be remembered, however, that m* depends on both the cost
elasticitiesand 77 , the parameter representing the costs relative to benefits for
workers — see equation (28).) From (31) and (32) we can see that the effect of a
relatively higher search cost elasticity for workers (say) isto increase the share of the
surplus that they obtain in equilibrium, equivalent to an increase in bargaining power.

Finally, note that the Hosios efficiency condition (6) for this transformed model is
£=r* which, from Proposition 1(ii), is the same as the condition S=7 for the original
model.
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Appendix

ProOOF of PROPOSITION 1:

(i) Using the homogeneity of m, (28) can be written:
m* _ _[(Sm*)™ (Sm*)"7 (v}
u (ﬁuj ’(ﬁuj (Uj

Hence m*/uisan implicit function of v/u, and homogeneity follows immediately.

Now write (28) as. m* (u,v) = m(X,Y) where:

X = X (m*,u) = (Sme) P AtuA and Y = Y(mF,v) = (SmE) T (L-7) P TV

dlnm* _ dlnm
dlnu 0dInX

dlnm* dlnm
((1-pw) + Wj

alnu + ((1_:0f)

alnm*j
alnY

dlnu
= * =n(@- pIn* +p,)*+ A-mQA- p,In*

_ A
Pul1+ Py (L=17)

= n*

Hence m* is an increasing function of u, and similarly of v.

Now differentiate again with respect to Inu:

0N _ (1= pyr*+p,)+ -2 (1—pf)f7*j

6/7* _ Iowpf (
)2 oIn X olny

dlnu (o 7+ p, 1-1)

on __ on .
dInX ainY

Homogeneity of m implies that

on* _ PwPi on

dlnu - (pW,]+pf (1_,7))2 dln X (Iow(l_”*)+pf,7*)

* 2 2
0" U 1 v apr @-7) andsimilaly =22 =" +pa-n).

Also = — =
dlnu m* dInX m

Substituting both of these expressions in the previous equation:
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i PuP X2 _
':1* e lour+p (1-/7))2( m mll+’7(1"7)j(Pw(1-/7*)+pff7*)-f7*(1—/7*)
f
IOWIO X2 _
“lontr (;_,7))2 =, +* -7 e, -7+ oy 1)
w f

Since nt* isalinear homogeneous function, m,,* < 0 is necessary and sufficient for

concavity. Since m is concave, both terms on the right-hand side are negative and m*

IS concave.

(i) was proved in (33) above.

(iii) Putting p,, = p; = p in (28) and using the homogeneity of m gives
immediately: [m* (u,v)]” = S*°m@T*u”,(1-7)" " v?)

Putting p,, = p; = p in(34) gives r7*=n.

dIn(v/u) ad o = aIn(Y/X)

The dasticities of substitution are o* = =
dIn(m, * /m,*) oln(m, /m,)

nro_ o um* _ Xm
"1-p* 1-n = vm* Ym,

(a4

Differentiating with respect to In(v/u):

Now and hence:

1 _1:(1 _1jaln(Y/X)

o* o dln(v/u)
= i—l: p(l— ] 1]
g* o
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