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1. Introduction

This paper develops a matching model of long-term unemployment in which the evo-

lution of education attainment, long-term unemployment (LTU) and wage inequality is

consistent with the observed pattern in almost all European countries. Broadly speaking,

European labour markets have known the following changes during the 1980's. First, a

rise in unemployment, and especially in LTU1 (see Machin and Manning, 1999). That

increase is highly preoccupying, since long-term unemployed have very low probabilities

to exit from unemployment. Second, a dramatic increase in the supply of educated work-

ers (see OECD report, 1999). Third, a moderate increase in wage inequality, reecting

a large increase in within-group inequality, but only a small increase in between-group

inequality2 (see Gottschalk and Smeeding, 1997).

We argue that the culprit of these changes is skill-biased technological change (SBTC).

Here, SBTC consists in an increase in the marginal return to ability due to, say, the

development of new technologies. These activities require qualities which cannot be taught

such as curiosity, determination, perseverance, which we gather under the term ability.

Hence, SBTC favours the ablest, who in turn increase their education e�ort. Thus,

�rms become more demanding for two reasons: workers' productivity directly increases

with SBTC, and workers increase their education e�ort. Those who do not want to fall

below the employability threshold are compelled to over-educate3, while those who cannot

meet employers' requirements do not acquire education. Thus SBTC is simultaneously

responsible for the rise in the returns to ability, the rise in education attainment, over-

education and the increase in LTU. In addition to this, SBTC also has strong consequences

1A large part of the rise in LTU in global unemployment is simply due to the rise in unemployment

itself. However, Machin and Manning also note, pp. 3094, that \there is also variation in the incidence

of long-term unemployment which does not seem capable of being explained simply by the overall level of

unemployment."
2Except for the UK, where both the overall inequality and between-group inequality grew much more.
3Therefore, we de�ne over-educated workers as those who have education returns below the average

but who �nd it optimal to train in order to avoid long-term unemployment.
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on wage inequality: for a given education attainment, the over-educated have lower returns

to education, which increases within-group wage inequality. Provided that over-education

reaches the highest education attainment, SBTC only causes a small increase in between-

group inequality. Obviously, there are market failures in the economy we have depicted.

Indeed, multiple equilibria may result from the externality generated by �rms' decision

to set a hiring standard. In this case, SBTC can also imply qualitative changes: the

economy may topple from a \high LTU/high education" equilibrium to a \low LTU/low

education" equilibrium.

Our paper incorporates two main arguments.

First, employability is relative and long-term unemployed are actually unemployable.

Acquiring skills through education does not necessarily protect workers against unem-

ployment when all workers are highly skilled. Conversely, bad endowed agents can meet

with success on the labour market provided other workers have lower productivity on

average. In our framework, �rms set hiring standards. Workers below these standards are

unemployable. Hiring standards are in turn endogenous, since they depend on the aver-

age productivity of workers. Saint-Paul (1996) and Roed (1998) highlight other channels

through which employability is relative. In Saint-Paul (1996), an increase in the supply of

educated workers modi�es the allocation of productive capital in the economy, from the

unskilled to the skilled sector. Unskilled can therefore become unemployable. His study

completes our approach. Roed (1998) studies the e�ect of egalitarian wage policies in a

matching model with heterogenous agents. In this setting, the individual wage depends

on the average wage. The least skilled workers are unemployable because hiring them is

not pro�table. Unemployability is thus a consequence of egalitarian wage policies. In our

paper, unemployability is driven by the direct link between the reservation productivity

and the average productivity of workers. Moreover, skills are endogenous through human

capital acquisition.

Second, skills and education are imperfectly correlated. Namely, there are high edu-

cated but unskilled workers, and low educated workers can perform well on the labour
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market. This distinction between labour market ability and education attainment be-

comes very popular, and accordingly leads to the desired changes in wage inequality (see,

for instance, Acemoglu, 1999, and Galor and Moav, 2000). Therefore, SBTC causes both

an increase in between-group inequality (educated are in average more skilled) and in

within-group inequality (the wage di�erential between skilled and unskilled rises in each

education group). In our paper, the distinction between skills and education is endoge-

nous. Indeed, low-skilled but educated are over-educated workers; but over-education is

individually rational. In addition, those workers get lower returns from education than

their co-workers with a normal education attainment. Thus, our paper also relates to the

literature on over-education. In the standard human capital theory (see Becker, 1964),

optimal schooling results from the equality between the marginal cost and the marginal

bene�t of education. By analogy, over-education emerges in the environment we depict

when the marginal cost of schooling is greater than its marginal bene�t.

This de�nition of over-education is consistent with empirical measures as falls in re-

turns to schooling (see the book edited by Asplund and Pereira, 1999, which reviews

the evidence on rates of return to human capital in �fteen European countries), or in-

creasing occupational mismatch (see for instance Hartog, 2000). Indeed, over-educated

workers perform bad on the labour market, so that, other things equal, average returns

to schooling tend to decrease with over-education. Moreover, there are positive returns

to over-education, as it is usually claimed. In his survey, Hartog reports that returns to

over-education are about half to two-thirds of the returns to required education. In a

related paper, Muysken and Ter Weel (2000) compare social to private returns to edu-

cation. Private returns incorporate both employment and human capital returns, while

only human capital matters from a social perspective. Over-education then rises when

job-competition increases4.

Agell and Lommerud (1997) propose an analysis of the schooling behaviour similar

4In Muysken and Ter Weel (2000), low-skilled workers are crowded out because education is an input

in the search activity.
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to ours. They consider a simple two period model with heterogenous agents and formal

education. Firms have to incur an exogenous training cost and wages are proportional to

human capital; this de�nes a reservation productivity. Agents endowed with a medium

talent are therefore constrained to get an education level above the natural one. However,

the reservation productivity is exogenous in their study. Hence, there is no link between

the average education attainment and exclusion of the labour market. Moreover, wages are

perfectly correlated to education in their paper, i.e. the higher the education attainment,

the higher the wage.

Our paper is also closely related to the growing literature on LTU. Numerous pa-

pers focus on the links between the duration of unemployment spells and the conditional

probability to �nd a job. Blanchard and Diamond (1994) for instance investigate the

consequences of a small preference for the workers with the least unemployment duration

(the ranking hypothesis). Other authors point to human capital losses during unemploy-

ment. Acemoglu (1995), Coles and Masters (1998), Ljungqvist and Sargent (1998) show

how human capital destruction can imply demoralization in search activity, or increasing

reluctance from employers to hire the long-term unemployed. Conversely, we here em-

phasize the role of ex-ante heterogeneity. LTU is then concentrated among the low-skilled

workers5. Empirically, duration-dependence is still under debate, while there is no doubt

that heterogeneity { both observed and unobserved { play a crucial role (see Machin and

Manning, 1999).

The discussion is organized as follows. Section 2 describes a matching model with

heterogenous workers and formal education. In Section 3, we analyse the equilibrium with

exogenous expectations. The links between the reservation productivity, over-education

and wage inequality are addressed in Section 4. Section 5 focuses on the equilibrium and

the e�ects of SBTC. We end with some concluding remarks.

5High-skilled workers can also be long-term unemployed in our model. But these workers are unlucky

individuals who can still �nd a job with an unchanged probability.
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2. The model

We build a continuous time matching model �a la Pissarides (1990). The model has two

main speci�cities. First, there are constant marginal returns in the matching technology.

Hence, matching probabilities are given. The value of a vacancy is then endogenously

determined. Second, agents are ex-ante heterogenous across each cohort. Both assump-

tions will give rise to the exclusion of the least productive workers, the so-called long-term

unemployed6.

We neglect matching frictions. We could incorporate them by assuming as Blanchard

and Diamond (1989, 1994) that the total number of jobs is given. Although some of our

results may be altered, the basic mechanisms we enlight would still be present.

The economy comprises a large number of �rms. Each �rm is endowed with a single

job, which can be vacant or �lled. The exogenous ow probability to meet a worker is

� > 0.

At each instant, � > 0 individuals are born unemployed; � also stands for the death

rate, so that the size of the population is normalized at unity. Agents are risk-neutral

and discount time at rate � > 0. Immediately after birth, they choose an education level

and start to prospect on the job market. The population thus comprises U unemployed,

E long-term unemployed and L � 1� U � E employed.

Each agent is characterized by a single parameter a which we call ability or type. It

is distributed on [0; 1] according to the cumulative distribution �. We shall denote by �

the density function if it exists. This distribution reects inequality in the distribution

of wealth, or in the distribution of human capital. Ability here refers to attributes which

cannot be acquired through education, but are correlated with both educational and

labour market performances.

Agents choose the level of their schooling e�ort e before their entry on the labour

market. We assume unemployable agents quit the labour market. Let W
e (a; e) and

6LTU here refers to exclusion from a primary sector where human capital is valuable. The reservation

return of other opportunities is simply set to zero.
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W
u (a; e) be the values of being employed and unemployed respectively for a type a

individual endowed with a schooling e�ort e. Let r � � + �, w (a; e), � be the global

discount rate, wage and exit rates. Assume for simplicity that there are no unemployment

bene�ts. The values W u (a; e) and W
e (a; e) satisfy the two arbitrage equations:

rW
u (a; e) = � [W e (a; e)�W

u (a; e)] (2.1)

rW
e (a; e) = w (a; e) (2.2)

Symmetrically, let V v and V
e (a; e) denote the values of a vacant job and of a �lled job.

Those values satisfy the two arbitrage equations:

�V
v = p� fE [V e (a; e) j V e (a; e) � V

v]� V
v
g (2.3)

rV
e (a; e) = f (a; e)� w (a; e) (2.4)

Vacant jobs may become �lled with probability � > 0. Filled jobs bring a revenue to the

�rm of f (a; e)� w (a; e).

Assumption 1 Properties of the production function

The function f (a; e) is strictly increasing in both arguments, twice di�erentiable,

and concave in its second argument. Cross-derivatives are strictly positive, i.e.

f
00
12 (a; e) = f

00
21 (a; e) > 0; it also satis�es the boundary conditions f (a; 0) = f (0; e) =

0, for all a � 0 and all e � 0.

Production requires both ability and education7. Two properties are very important

for the rest of the paper. First, the marginal productivity of education is decreasing, so

that marginal returns to schooling will also be decreasing. This assumption is standard,

and in line with the empirical evidence (see, for instance, Psacharopoulos, 1994, for in-

ternational comparisons, and Ashenfelter and Rouse, 1998, on a US sample of twins).

Second, ability and education interplay positively in marginal returns. For obvious data

7This is an important di�erence with Agell and Lommerud (1997), in which production only requires

education.
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problems, few studies investigate the links between ability and the marginal returns to

education. Nevertheless, Card (1999), p.1854, reports that the e�ects of IQ on the returns

to education are generally positive once controlled for family e�ects. Hence, the ablest

will also be those who tend to acquire more education8. In this setting, SBTC consists in

an increase in the marginal productivity of ability for the ablest.

An applicant is acceptable to the �rm with probability p. Productive matches end

with the worker's death. It is the only source of separation. We also assume that the job

disappears with the worker. Firms do not know the type of the worker they will meet.

Therefore, there is a conditional expectation operator in equation (2.3). This expectation

is conditional to the event that the worker is employable, i.e. the value of the �lled job

is greater than the value of the vacant job. The condition V
e (a; e) � V

v thus de�nes a

recruitment strategy.

Wages are determined by Nash bargaining:

w
� (a; e) = argmax

w(a;e)

n
V

e (a; e)
1��

[W e (a; e)�W
u (a; e)]

�
o

(2.5)

where � 2 (0; 1) is the bargaining power of the worker. In the next section, we solve

the model under exogenous expectations.

3. Equilibrium with exogenous expectations

In this section, we show that �rms' hiring behaviour consists in choosing a reservation

productivity. This reservation productivity depends on the production technology, the

bargaining power of the �rm, and on the expectation of the value of a vacant slot. For

expositional ease, we make two assumptions. First, we assume that each �rm is endowed

with a preliminary estimate V v of the value of a vacancy. This expectation is common

8In the signalling theory (Spence, 1973), education does not provide any additional skills to workers.

However, those who have higher skills also reach higher education attainments, since it is easier for them

to graduate. In our paper, the ablest reach the highest education attainment but there is no uncertainty

about their productivity.
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to all �rms. Second, we assume that e � e (a), so that the productivity f (a; e (a)) is

increasing with a.

Equations (2.1) to (2.5) lead to the standard following wage

w
� (a; e) = �

r + �

r + ��
f (a; e) (3.1)

It increases with the productivity, the bargaining power and the probability to meet a

vacancy; it decreases with the discount rate. Using (2.1), (2.2) and (3.1), we can solve

the value of search

W
u (a; e) =

��

r + ��

f (a; e)

r
(3.2)

The value of search is equal to a �xed proportion ��= (r + ��) of the total match value

f (a; e) =r. Finally, merging (2.4) and (3.1), we obtain

V
e (a; e) = v

e
f (a; e) (3.3)

where ve = (1� �) = (r + ��) is the �rm's return per e�cient unit of labour. A worker

of ability a with education e is employable if V e (a; e) � V
v, which is equivalent to

f (a; e) � V
v
=v

e. The ratio V
v
=v

e is a reservation productivity. Below, the applicant

is rejected by the �rm. Above, the worker is systematically accepted by the �rm. This

reservation productivity, denoted by y � V
v
=v

e, increases with the expected value of a

vacancy.

Since all �rms are endowed with the same expectation, the condition f (a; e) � y

consists in a condition of employability: an individual whose application is rejected by

one �rm is actually refused in the whole economy. These workers therefore quit the labour

force, and �rms only meet adequate workers, i.e. p = 1.

The employability condition then determines a unique ability a� below which agents

are excluded of the labour market. This limit ability veri�es f (a�; e (a�)) = y. Long-

term unemployment is equal to the share of agents whose type is below a�. Hence,

uLT = � (a�). The participation rate is therefore 1� � (a�) (see �gure 1).

[Figure 1]
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Employable agents run the risk of leaving unemployment � + �. The number of un-

employed is then

U =

Z
1

0
� (1� � (a�)) exp [� (�+ �) s] ds =

�

�+ �
(1� � (a�))

The unemployment rate is u = �= (�+ �), i.e. the ratio of the entry rate to the

global exit rate. It is independent of the share of long-term unemployed. This property

reects the assumption according to which the rate of contact � does not depend on the

individual productivity. It would be the case if search intensity was endogenous, or if

there was match-speci�c heterogeneity. Employment is L = (1� uLT ) (1� u).

4. Schooling and reservation productivity

This section analyses the links between ability, schooling e�ort and the reservation produc-

tivity. We mainly focus on the impact of the reservation productivity on over-education.

An increase in the reservation productivity causes a rise in LTU, a rise in the average

education attainment, a fall in between-group inequality. It also tends to increase over-

education and within-group inequality.

During their studies, individuals face direct costs (as tuition or transportation), as

well as psychic costs. We assume that agents choose the level of their e�orts. Let C (e)

be the schooling cost, paid before the entry on the labour market. For ease, this cost is

assumed to be independent of agents' ability.

Assumption 2 Properties of the schooling cost

The function C is strictly increasing, strictly convex and satis�es C (0) = C
0 (0) = 0.

Let y � 0 be the reservation productivity. Hereafter, e� (a; :) denotes the optimal

schooling e�ort of a type a agent. Individuals proceed in two steps. First, they consider

they enter the labour force to search for a job. They then maximize the utility they get

as an unemployed, net of the schooling cost. However, they are also submitted to the
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employability constraint: they must at least get the reservation productivity y. Formally,

we have

Z (a) = max
e

fW
u (a; e)� C (e) ; f (a; e) � yg

All agents do not necessarily want to acquire formal education. This is the case when

Z (a) < 0. The following proposition analyses the optimal schooling e�ort in function of

the reservation productivity.

Proposition 1 Optimal education

Let e (a) be the unique solution of C
0 (e (a)) = ��

r+��

f(a;e(a))

r
. Let also e (a; y) be the

unique solution of f (a; e (a; y)) = y. Then,

e
� (a; y) =

8>>>>><>>>>>:
e (a) if f (a; e (a)) � y

e (a; y) if f (a; e (a)) < y and ��

r+��
y � C (e (a; y))

0 elsewhere

Three distinct educative behaviours emerge according to the level of y, what �gure 2

depicts.

[Figure 2]

When the reservation productivity is y0, the employability constraint does not bind

and the optimal e�ort results from the standard equality between the marginal bene�t

dW
u(a;e)

de
and the marginal cost C 0 (e). It is denoted by e (a). Since it does not depend

on the reservation productivity, we call this e�ort natural education. Natural education

increases with the wage bargained, thus with the rate of contact � and the bargaining

power �. It also increases with the individual ability. The educational system thus tends to

magnify inequality in abilities: the more gifted individuals are, the higher their education

attainment. When the reservation productivity is y1, the agent cannot perform natural

education: it does not provide the worker su�cient skills. Formally, the employability

constraint is binding. The worker is therefore obliged to rise his level of education until

his productivity reaches the reservation productivity y1. This schooling e�ort is denoted
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by e (a; y). We call it constrained education9. Constrained education rises with the

reservation productivity. This is typically a case of over-education since the marginal cost

of schooling is greater than its marginal bene�t. Lastly, when the reservation productivity

is y2, the agent does not acquire skills through formal education. Indeed, he has no chance

to obtain the reservation productivity: the schooling cost of the corresponding e�ort is

greater than its utility.

4.1. Ability, schooling e�orts and reservation productivity

The above analysis shows that schooling e�orts vary with the reservation productivity.

We now explore the links between the schooling attainment and labour market ability.

This study leads to the emergence of three distinct population groups.

Proposition 2 Endogenous segmentation of the population

Let y � f (1; e (1)), a� (y) such that C (e (a�; y)) = ��

r+��

y

r
and a

+ (y) such that

f (a+; e (a+)) = y. Then,

e
� (a; y) =

8>>>>><>>>>>:
e (a) if a � a

+

e (a; y) if a 2 [a�; a
+[

0 elsewhere

Agents whose ability is below a are excluded from the economic activity. Since their

skills are not marketable, their education e�ort is simply zero. Agents whose ability

a 2 [a�; a
+[ are constrained in their schooling e�ort: they get the reservation productivity.

Finally, agents whose ability is above a
+ are not constrained. The population can be

divided into three groups: � (a�) long-term unemployed, � (a+) � � (a�) over-educated

agents, and 1�� (a+) individuals who achieve their unconstrained e�ort. Figure 3 depicts

the education e�ort as a function of ability.

9Constrained education usually comes from imperfect �nancial markets. It then implies under-

education, since marginal bene�ts are greater than marginal costs. By contrast, we assume perfect

�nancial markets, and constrained education emerges when the employability constraint binds.
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[Figure 3]

The schooling e�ort is nil on [0; a�[. It jumps to e (a�; y) when the ability is a�.

Then, it is strictly decreasing on [a�; a
+[ and strictly increasing above a

+. Note that

e
� (1; :) is not necessarily greater than e

� (a�; :). Students who achieve long durations

of education correspond to the most gifted individuals, but also agents facing di�culty

to reach employability. Obviously, the performances on the labour market of these two

kinds of individuals are very contrasted. As long as there is LTU, within-group wage

inequality tends to increase with the education attainment. Two cases may arise. First, if

e (1) > e (a�; y), the highly productive workers undertake the longest studies. Inequality

is then the weakest for small education durations e� (a+; :) and high ones (greater than

e (a�; y)), increasing until duration e (a�; y) is reached. Second, if e (1) < e (a�; y), less

able students undertake the longest studies to get the reservation productivity. Within-

group inequality is strictly increasing on [e� (a+; :) ; e (1)] and becomes then very low. The

particularity here is that agents who undertake the longest studies have also the worst

performances on the labour market.

4.2. LTU and education attainment

The links between education attainment and the reservation productivity are depicted by

�gure 4. An increase in the reservation productivity from y0 to y1 rises unambiguously

a� { from a
0
� to a1� { and a

+ { from a
+
0 to a+1 .

[Figure 4]

LTU increases since more agents become unable to reach the reservation productivity.

The average level of education attainment increases, reecting the rise in productivity

standards. Note that there is no systematic relation between the number of LTU and

the number of over-educated workers. The number of LTU is uLT = � (a� (y)), while the

number of over-educated workers is � (y) = � (a+ (y))� � (a� (y)). LTU necessarily rises
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with the reservation productivity y. But, the net e�ect of the reservation productivity on

� (y) is ambiguous:

d� (y)

dy
= �

�
a
+
� da+
dy

� � (a�)
da�

dy

Over-education is reduced by the bottom { low gifted individuals become LTU {, but

is enriched by the top { gifted individuals are now constrained in their schooling e�ort.

4.3. Wage inequality

Changes in the reservation productivity tend to a�ect both the size and composition of

wage inequality. Namely, overall inequality falls, between-group inequality tends to de-

crease, while within-group inequality increases. When the reservation productivity is set

to zero, there is no LTU, and therefore no more over-education. Education attainment

is then perfectly correlated with labour market ability: the abler the agent, the more he

trains. Then between-group inequality is the highest. As the reservation productivity

rises, the least skilled workers quit the labor market, and over-education appears. Hence,

between-group inequality shortens. In the following section, we show that this mech-

anism will weaken direct e�ects of SBTC, so that between-group inequality increases

slightly. At the extreme, when the reservation productivity tends to the productivity of

the ablest workers f (1; e (1)), individuals are equally productive, whatever the education

attainment. Within-group inequality is low when there is no over-education. Indeed,

productivity rises with education attainment. Conversely, it tends to increase with over-

education, since over-educated workers get lower wages than naturally educated workers

for a given education attainment. Hence, within-group inequality tends to increase with

the reservation productivity.

5. Long-run consequences of SBTC

In section 3, the reservation productivity was related to identical and given expectations

across �rms. We then analysed optimal schooling e�ort for a given reservation produc-

tivity in section 4. We now close the model by requiring that expectations are equal to
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realizations in equilibrium. This framework will enable us to study the e�ects of changes

in the macroeconomic environment. In particular, we shall argue that SBTC is respon-

sible for the rise in education attainment, LTU, within-group wage inequality, as well as

for the small increase in between-group wage inequality.

Dividing each side of equation (2.3) by v
e, the equilibrium reservation productivity

solves

y =
�

�+ �

"Z
a+

a
�

y

1� � (a�)
d� (a) +

Z 1

a+

f (a; e (a))

1� � (a�)
d� (a)

#
(5.1)

The reservation productivity is equal to a �xed proportion of the average productivity

across employable workers. The factor �= (�+ �) reects the stochastic nature of the

matching process. Without uncertainty, i.e. when � becomes arbitrarily large, or without

discounting, i.e. when � becomes arbitrarily \small", the reservation productivity is equal

to the average productivity. Conversely, if the average duration of search of an adequate

worker is extremely long, i.e. � tends to 0, or if employers are very impatient, i.e. � tends

to in�nity, employers become less severe and the reservation productivity tends to zero.

Theorem 1 Existence of equilibrium

Let � (y) =
R
a+

a
�

y

1��(a
�

)
d� (a) +

R 1
a+

f(a;e(a))

1��(a
�

)
d� (a).

There exists an equilibrium. It is unique when �
0 (y) < (�+ �) =� for all y 2

[0; f (1; e (1))]

Multiple equilibria is a natural output in this framework10. Equilibria where the

reservation productivity is the highest are also those where schooling e�orts are the largest

and LTU the worst. Following Cooper and John (1988), multiplicity can be related to

two types of strategic complementarities. Taking the derivative of the RHS of equation

(5.1) with respect to y, it comes

10There are other examples of multiple equilibria in the literature on education and matching un-

employment. See for instance Laing, Palivos and Wang (1995), and Saint-Paul (1996). Although the

mechanism is also related to coordination failures in these papers, both the externalities and the way

they are conveyed di�er in our work.
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�
0 (y) =

� (a+)� � (a�)

1� � (a�)| {z }
direct e�ect

(+)

+
� (a�)

[1� � (a�)]
2

da�

dy

�Z 1

a+
f (a; e (a)) d� (a)�

�
1� �

�
a
+
��

y

�
| {z }

over-education e�ect
(+)

Both terms into brackets are positive: an increase in hiring standards translates into

a higher average productivity. The decentralized choice of the reservation productivity

thus conveys externalities. The �rst externality is direct: an increase in the reservation

productivity leads to an equivalent increase in the mean productivity of workers, thus to a

rise in expected pro�ts. The second externality is based on students' responses to changes

in the reservation productivity. An increase in the reservation productivity entails a rise in

the average schooling e�ort, since more workers are forced to get a high education attain-

ment. In either cases, the individual reservation productivity is an increasing function of

others' reservation productivity choices. There is thus room for coordination failures and

multiple equilibria. Those equilibria cannot be ranked easily. Indeed, �rms' pro�ts must

be taken into account in this model. Hence, equilibria where the reservation productivity

is the lowest are better for workers, but worse for �rms.

The equilibrium is unique when the externality is su�ciently weak. For instance, this

is the case when there is no heterogeneity. Indeed, assume that the ability of all workers

is simply ba. The reservation productivity then solves:

y =
�

�+ �
f (ba; e (ba))

Hence, heterogeneity is necessary for the emergence of multiple equilibria. However,

it is not su�cient.

Proposition 3 Example of uniqueness

Assume abilities are distributed according to a uniform law on [0; 1]. Let C (e) = ce
�,

c > 0 and � > 1. Let f (a; e) = ae. For all a 2 [0; 1] and all y 2 [0; e (1)],

(i) e (a) =
h
1
c�

��

r+��
a

r

i 1
��1

and e (a; y) = y=a

(ii) a� (y) =
h
r+��

��
rc

i1=�
y
��1
� and a

+ (y) = �
1=�

h
r+��

��
rc

i1=�
y
��1
�

16



(iii) There exists a unique equilibrium

The optimal schooling e�ort e (a) admits the general properties we have seen below;

it also decreases with the scale parameter c of the schooling cost function, and with the

elasticity � of this function with respect to education. It is a strictly convex function of

the ability a when � 2 (1; 2), linear when � = 2 and strictly concave when � > 2. This

property means that wage inequality is wider when schooling costs are low, i.e. � < 2.

In the context of proposition 3, the share of over-educated is

� (y) = a
+ (y)� a� (y) =

�
�
1=�

� 1
�
a� (y)

Hence, over-education ampli�es when LTU increases.

This positive correlation between education, over-education and LTU is our main

result. Why should the reservation productivity increase? To us, the culprit is SBTC,

or, more precisely, ability-biased technological change. Formally, let f (a; e) � f (a; e; ),

where  is the ability bias of technological change. Then, f 00
a
(a; e; ) > 0. SBTC rises

the return to ability of the most gifted. Firms thus become more demanding and the

reservation productivity increases. That increase translates into both LTU and over-

education. This preliminary e�ect is enhanced by the educational system. Indeed, human

capital theory entails an increase in education attainment of the ablest. This strengthens

the pressure on low-skilled workers, so that, once again, LTU and over-education rise.

Due to the links between wage inequality and over-education, within-group inequality

rises. Indeed, the direct e�ect of SBTC is reinforced by over-education, since there are

in average more over-educated workers in each education group. Furthermore, in spite of

SBTC, between-group wage inequality does not increase very much. The generalisation

of over-education to all education attainments actually tends to decrease between-group

wage inequality. Moreover, any structural shock can a�ect the conjectural scheme of �rms.

SBTC can thus make the economy topple from a \low LTU/low education" equilibrium

to a \high LTU/high education" equilibrium.

Figure 5 illustrates the e�ects of SBTC on education attainments. We consider an

initial situation where the reservation productivity is close to zero, so that there is no
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LTU. Optimal schooling is depicted by the thin plain line. Since individuals do not need to

over-educate, this curve is strictly increasing. Ability and schooling attainments are then

perfectly (positively) correlated. Then SBTC occurs, causing two main changes. First, the

ablest educate much more, reecting the important rise in the returns to ability, while the

natural e�ort of the least able increases by much less. Consequently, the curve depicting

education e�orts is moving upward. Second, the reservation productivity increases to

y > 0, so that LTU emerges. Moreover, medium-skilled workers are then over-educated,

since the employability constraint is binding for them. Both LTU and over-education are

illustrated by the decreasing part of the plain line curve.

[Figure 5]

Within-group wage inequality is strongly rising for education attainments between

e (a+; y) and e (a�; y). Indeed, over-educated workers only get a wage proportional to the

reservation productivity, while the returns to ability of the natural-educated have risen.

Between-group wage inequality also tends to increase, since the ablest also bene�t from

a longer training period. However, over-educated workers reduce this increase, since all

these workers have the same productivity. These predictions are largely consistent with

the European stylized facts briey stated in the introduction.

6. Concluding comments

Let us summarize the discussion. We built a matching model with heterogenous workers,

endogenous education and constant marginal returns to search activity. Our results are

the following:

1) The hiring behaviour of �rms consists in choosing a reservation productivity. Ap-

plicants whose productivity is lower than the reservation productivity are systematically

rejected by employers; they are long-term unemployed. Long-term unemployment (LTU)

thus depends on �rms' expectations and on the share of the surplus they obtain during

the bargaining.
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2) The average productivity across employable workers increases with the reservation

productivity. The decentralized process of recruitment conveys an externality responsible

for the emergence of multiple equilibria. Multiplicity hinges on strategic complementarity

between employers.

3) Two very di�erent individuals can have the same education attainment. One of

them is abler and performs his natural education. The other is constrained to get the

reservation productivity through formal education. He is over-educated since the marginal

cost of education is greater than the marginal bene�t. He also gets lower wages than the

�rst type of individual.

4) Within-(education)group generally increases with the level of education. Skill-

biased technological change (SBTC) causes an increase in LTU, in within-group inequality,

and a moderate rise in between-group inequality. SBTC also exacerbates over-education.

This study neglects important links between the labour demand and the training level

of the labour force. Several theoretical studies point out a positive relation between

employment and education (see, for instance, Laing et al., 1995). The argument goes as

follows: a rise in the education level increases the average productivity of workers, and

thus the expected pro�ts of �rms. Consequently, the labour demand increases, which rises

the exit rate from unemployment. Returns to education are greater, so that agents invest

more in education. This mechanism can generate multiple equilibria, and public policy

takes place. This literature completes our approach.

LTU originates from inequality. How to reduce it? Educational systems are obvious

candidates. However, our paper highlights channels through which schooling systems ac-

tually magnify inequality. For instance, vouchers targeted towards the best students may

actually worsen exclusion by rising the reservation productivity. Equivalently, subsidies

to education may bene�t more to the ablest. The complete study of the interactions

between LTU and the education policy is left for further research.
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APPENDIX

A. Proofs

Proposition 1 Let G (a; e) = W
u (a; e) � C (e), where W

u (a; e) is given by equation

(3.2); it is strictly concave in e. The program of an agent who trains is

Z (a) = max
e

fG (a; e) ; f (a; e) � yg

Consider the lagrangean

` (e; �) = G (a; e) + � (f (a; e)� y)

where � � 0 is the K�uhn and Tucker factor. Optimality conditions can be written

@W
u (a; e)

@e
=

��

r + ��

f
0
2 (a; e)

r
= C

0 (e)� �f
0

2 (a; e) (A.1)

�
�0
(f (a; e)� y)

�0

= 0 (A.2)

According to (A.1), the marginal bene�t of education is lower than the marginal

cost when the agent is constrained, i.e. when e = e (a; :). Since C (0) = 0, Z (a) � 0

when e = e (a). Hence, e� (a; :) = e (a) when y � f (a; e (a)). If y > f (a; e (a)), the

schooling e�ort of an agent who gets training is e = e (a; y). Two cases may arise:

if W u (a; e (a; y)) � C (e (a; y)), then e
� (a; y) = e (a; y). Elsewhere, Z (a) < 0 and

e
� (a; :) = 0.

Proposition 2 Let g (a) = f (a; e (a)). We have g (0) = 0, g (1) = f (1; e (1)) and

g
0 (a) > 0. Thus there exists a unique a+ � a

+ (y) 2 [0; 1] for all y 2 [0; f (1; e (1))].

Consider the function G (a; e (a; y)) = ��

r+��

y

r
� C (e (a; y)). It is strictly increasing

in a, with lim
a!0

G (a; e (a; y)) = �1 and

G (1; e (1; y)) = W
u (1; e (1; y))� C (e (1; y)) �

@Wu(1;e(1;y))

@e
� C

0 (e (1; y))

�
@Wu(1;e(1))

@e
� C

0 (e (1)) = 0
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The second inequality comes from the strict concavity of G with respect to its

second argument. Consequently, there exists a unique a� � a� (y) such that

G (a�; e (a�; y)) = 0 for all y 2 [0; f (1; e (1))]. The concavity of G implies that

0 � a� < a
+
� 1.

Since g (a) is strictly increasing in a, f (a; e (a)) � y for all a � a
+ and e� (a) = e (a).

When a < a
+, the worker is constrained to make the e�ort e (a; y) if he gets training.

He thus obtains the gain Z (a) = G (a; e (a; y)). But, Z (a) � 0 is equivalent to

��

r+��

y

r
� C (e (a; y)), i.e. a � a�. Therefore e

� (a) = e (a; y) if a 2 [a�; a
+), and

e
� (a) = 0 if a < a�.

Theorem 1 Let

	 (y) = y �
�

�+ �

"Z
a+(y)

a
�

(y)

y

1� � (a� (y))
d� (a) +

Z 1

a+(y)

f (a; e (a))

1� � (a� (y))
d� (a)

#

An equilibrium is a y� � 0 which solves 	 (y�) = 0. Since 	 is continuous in y, and

since 	 (0) = �
�

�+�

R 1
0 f (a; e (a)) d� (a) < 0 while 	 (f (1; e (1))) = �

�+�
f (1; e (1)),

there exists at least an equilibrium on (0; f (1; e (1))).

Proposition 3 When � (a) = 1 if a 2 [0; 1], we have � (a) = a. An equilibrium therefore

solves

y = �

�+�

hR
a+

a
�

y

1�a
�

da+
R 1
a+

ae(a)

1�a
�

da

i
= �

�+�

h
a
+�a

�

1�a
�

y + 1
1�a

�

R 1
a+
ae (a) da

i (A.3)

When C (e) = ce
�, c > 0 and � > 1, we have e (a) =

h
1
c�

��

r+��
a

r

i 1
��1

, and e (a; y) =

y=a, for all a 2 [0; 1]; hence (i) is proved.

Then, a+e (a+) = y is equivalent to a
+ (y) = �

1=�
h
r+��

��
rc

i1=�
y
��1
� , for all y 2

[0; e (1)]. Moreover,W u (a�; y=a�) = C (y=a�) is equivalent to a� (y) =
h
r+��

��
rc

i1=�
y
��1
� ,

for all y 2 [0; e (1)]. Hence, (ii) is proved.

Using (A.3) together with a� and a
+, we are led to solve the roots { in the interval

[0; e (1)] { of the following polynomial function

�

"
�

� + �
+

�

� + �

�
�
�1+1

2� � 1

#
D

1=�
y
2���1 + y �

�

�+ �
�

1
1��D

1
1��

� � 1

2� � 1
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where D = r+��

��
rc. Making the change of variable z = y

1=�, we have

P (z) = �

�
�

�+�
+ �

�+�
�
�
�1+1

2��1

�
D

�
�1

z
2��1 + z

� �
�

�+�
�

1
1��D

1
1�� ��1

2��1

An equilibrium is a z
�
2

h
0; e (1)

1=�
i
which solves P (z�) = 0. We know that

P (0) < 0. Moreover,

P
0 (z) = z

��1

�
� � (2� � 1)

�
�

�+�
�

�

�+�
�
1+�
�

2��1

�
z
��1

�

The polynomial function P is strictly increasing on

�
0;
h

�(�+�)

(2��1)����(1+�)=�

i1=(��1)�
. To

establish uniqueness, it is su�cient to show that P
�
e (1)

1=�
�
� 0. But, e (1)

1=�
=

�
1

�(1��)D
1

�(1��) . Hence,

P

�
e (1)

1=�
�

= �
1

1��D
1

1��
�

�+�

�
1� �

�1=�
�
> 0

and (iii) is proved.
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