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“Incentive provision and coordination as market functions”

Abstract: The market has both a coordination function and an incentive function.
The first theorem of welfare economics is all about coordination; the principal-
agent model is all about incentives. What is the relative importance of the market
in carrying out these two functions? While there has been a shift in economic
theory in the past thirty years from emphasizing the coordination role to
emphasizing the incentive role, it is not clear whether this reflects a new and
deeper understanding of the market. Understanding the market’s functions, in
real economies, may be key for understanding the degree to which redistribution
in them is feasible.
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1. Two functions of the market

The main functions of the market are to provide incentives for economic agents to
perform economically useful activity, and to coordinate resource allocation. To be more
precise, it is material incentives that the market provides, and that point will be key in
what follows.

It is not easy to provide a clean definition that would enable us to distinguish
decisively between the incentive and coordination functions of the market, but I think
such a distinction exists and is important. Consider the first theorem of welfare
economics (FTWE) which is, in my view, a theorem only about the coordination function
of the market. Incentive problems are assumed away, as it is simply postulated that firm
managers will maximize profits, that workers will supply effort, and so on. Prices, in the
FTWE, are simply telling agents what to do. Contrast this with the principal — agent
model (PAM), which focuses entirely on incentives. Here, prices or contracts or menus
are not meant simply to direct agents to do the right thing, but to make them offers they
cannot refuse. In the typical PAM, it may well be that the agent knows what the
principal wants, but he (the agent) requires a material incentive to induce him to take that
action.

Indeed, the change in focus in economic theory, during the past thirty-five years,
from general equilibrium theory to contract theory, is associated with a radical change in
viewpoint: that the central problem of economics is not one of coordination but one of
incentives. Indeed, the old definition of economics as the study of the allocation of
scarce resources to competing uses is one based upon the coordination view. I conjecture
that today’s economic theorists would prefer a more mechanism-design sort of definition,
putting the emphasis on inducing economic agents to do the right things. I wish to raise
the question whether it is really the case that the primary function of markets is the
incentive function.

I propose to think of the incentive problem as the problem of encouraging
economic agents to expend effort, which will create an economic good (be it an
innovation or a labor service). The coordination problem is the one of allocating

economic resources to agents (firms and consumers) in an economy: that is, labors of



various kinds to firms, other inputs of production to firms, and final goods to consumers.
This distinction is imprecise. Is extracting the ‘labor’ from the ‘labor power’ of a worker
a problem of coordination or incentive? This is a gray area. Roughly speaking, I think
of the incentive problem as one of bringing into being economic resources that do not
already exist, and the coordination problem as the combining of existing resources into
useful outputs. (The labor/labor power distinction focuses on the fact that there is an
incentive problem in transforming labor power into labor, as Karl Marx famously
emphasized; but that issue is ignored in classical general equilibrium theory and, in
particular, in the FTWE.) I wish to explore whether the market is relatively more
important as a device for solving one of these problems than the other. Indeed, the
principal example upon which I will focus in this paper is the choice of occupation and
the effort that is implied by the necessity to train for it.

One of the most salient natural experiments for studying the relative importance
of the market in providing coordination and incentives may be the economy of the Soviet
Union. Almost everyone now agrees that there were vast inefficiencies in the Soviet
economy, primarily due to the system of central allocation and planning, replied upon in
lieu of the market. Is it possible to say that the main deficiency suffered due to the
market’s absence was of coordination, or of proper incentives? Certainly evidence has
been offered for both viewpoints. Perhaps the view of the failure of incentives is best
summed up in the Soviet joke, “They pretend to pay us and we pretend to work.” On
the other hand, if we look at the debates that occurred in the 1960s in the USSR about
introducing prices, it seems that the main concern was for coordination. In the (Evsei)
Liberman debate (Zaleski[1967]), economists talked about using prices to decentralize
the planning problem; the assumption seems to have been that firm managers wanted to
do the right thing, but it was often simply infeasible to do so, lacking prices. Leonid
Kantorovich studied and solved the transportation problem, a special case of linear
programming, for which he shared the Nobel Prize with Tjalling Koopmans; the
transportation problem is entirely one of coordination.

Going back somewhat further, even Friedrich Hayek — at least the pre-war
Hayek-- emphasized the coordination function of markets over their incentive function.

In his interchange with Oscar Lange on market socialism, he wrote that he was willing to



assume that firm managers under socialism were ‘loyal and capable (Hayek[1940]);’ the
problem, he said, was that without real competition in real markets, they would never
learn the best technologies to use, what goods needed to be supplied, and so on.

Planners would be incapable of giving them directions that would guide managers to the
right actions, even though, Hayek assumed, they would desire to carry out those actions,
if they knew what they were. Even the Hayekian view of the entrepreneur is
ambivalent: Do entrepreneurs come up with new ideas because they want to make
money, or because they love the game of creation and invention? If the former, then the
market is providing incentives; if the latter, it is coordinating! I do not know Hayek’s
view on entrepreneurs, but Schumpeter’s view is clear: entrepreneurs are in it for the love
of the game. The money is quite secondary to them'. Schumpeter writes that
entrepreneurs never finance their own projects; they are a distinct class from investors or
capitalists. (This is not quite the same as saying that they are not in it for the money, but
the point is related. )

Robert Allen’s (2003) recent Soviet economic history suggests that the main
problem with the Soviet economy was one of poor coordination, not poor incentives. He
writes that, until around 1970, the development strategy in the USSR was straight-
forward: move peasants from the farms into the cities to man the factories. This
produced industrialization and a rapid rate of growth. But by 1970 or so, the move from
farm to factory was complete, and the next problem was to figure out how to innovate
and target different sectors’ growth, and here the planners made bad mistakes. Allen
claims that factory managers pretty much did what they were told to do by planners: there
was no major failure of incentive. But when more subtle questions of economic
development had to be answered, the lack of participation by thousands of creative
economic agents in a decentralized way became key”.

Indeed, before 1970, there was very little criticism by western economists of the

Soviet economic model: the main attacks were political. Indeed, many believed that the

' See McCraw (2007).

* Christian Seidl has suggested to me that risk aversion may have played a significant part
in deterring innovation in the Soviet Union, due to the large penalties incurred by failure
to realize plans. This, too, could have been especially damaging after the farm-to-factory
transition had occurred.



Soviet economic juggernaut would overtake the west.  The formulation of the PAM in
1973 (see Ross [1973]) changed all that: but we must ask, did that model change the
way economists interpreted reality (with a good hammer, every problem looks like a
nail), or was the view that the Soviet economy suffered from poor incentives based upon
a new post-1960’s reality?

It would, of course, be extremely interesting to be able to answer this question
about the Soviet economy for its own sake. But my principal interest in the question is
motivated by my belief that, upon its answer, depends the possibility for, eventually,
achieving much more equality of income and wealth than we currently have in market
economies, while still using the market mechanism. Roughly speaking, if the market is
needed mainly as a coordination device, then it should be possible to separate
consumption from earnings without harming efficiency. Markets can be used to
coordinate economic activity, and then substantial redistribution can be implemented to
reduce inequality of consumption. On the other hand, if the market is needed mainly to
provide material incentives, then it is much harder to redistribute without substantial
effects on productivity.

Indeed, this could explain why the Nordic countries have implemented a highly
egalitarian distribution of income without, apparently, any substantial efficiency costs
(see Lindert (2004)). This explanation, however, is not Lindert’s: he believes that the
reason efficiency has been maintained in the Nordic economies is because taxes are
designed cleverly, so as not to reduce output. (Capital is taxed relatively lightly, while
labor, the immobile factor, is heavily taxed.) But Lindert’s is only one interpretation.
A second possible interpretation is that effort decisions of economic agents are fairly
insensitive to relative earnings, but prices do give people instructions about what to do —
where to expend effort.

Let me reiterate one point: the claim that coordination is the main function of the
market is not a claim that individuals do not maximize utility. If material incentives
are not indispensable, that must be because income is not the most important argument in
the preferences of economic agents. The incentives that people have to perform
economic activity may not be terribly sensitive to their incomes: they may come from

other motivations, such as enjoyment of work, making a social contribution, feeling one’s



life is productive, demonstrating to others that one is productive, and so on. Again, we
may glean clues from the Soviet experience: it does not seem that people in general failed
to become educated, although the material benefits to higher education were fairly small.
Likewise, Cuba has (or had for many years) the highest literacy rate in Latin America,
although surely the returns to education are much higher in capitalist countries in Latin
America than in Cuba. It may well still be the case that Cuba’s medical establishment is
the best in Latin America, although their physicians are surely not very well paid.

I believe the truth is that markets are needed both for incentives and coordination:
I am questioning the virtual disappearance of coordination as a market function in recent
economic theory. To continue with the Cuban example, the Financial Times notes that
Raul Castro’s government is planning to diminish the guaranteed level of social provision
of foodstuffs to Cubans. Alfredo Jam, head of macroeconomic analysis in the Cuban
economic ministry told the FT reporter, “We can’t give people so much security with
their income that it their willingness to work. We can have equality in access to
education and health, but not equality in income. (FT, August 19, 2008).” Evidently, Jam
believes that incentives are important.

As a final remark, to note how things have changed in economic theory, consider
Hayek’s [1945] statement to the American Economic Association, in his 1945
presidential address. That famous address is entitled, “The use of knowledge in society.”
Hayek’s critique of the First Theorem of Welfare Economics is not that it ignores
incentives: it is that real markets are needed to find (equilibrium) prices. Indeed, there is
no explicit discussion of incentives in this address. It is implicitly assumed that
individual agents take actions to increase their profits, but little is made of that. The main
point is that knowledge of time and place -- local knowledge -- is as important as
scientific knowledge, and that that kind of knowledge can never be assimilated by a
central planning bureau. There is, indeed, no dispute about whether planning is
necessary: the question is only whether it can be centralized or must remain
decentralized. From my viewpoint, Hayek, at least Hayek before 1950, was a champion

of the market as a coordination device.

3. A general model with differential occupational status and wages




There are a number of ways one might construct a model to test for the relative
importance of markets as coordination and incentive devices. Here I propose a model in
which jobs are associated with non-pecuniary attributes, as well as with wages. Workers,
who must choose occupations, are concerned with both these attributes and wages and the
education required in order to perform the various occupations. Think of these non-
wage attributes as comprising, for example, the social status of the occupation, the nature
of the work, and the consumers of the product. All these things might well matter to
workers who are choosing occupations.

Consider, then, the following model. There is an economy that produces a single
good from various kinds of labor. Each kind of labor is called an occupation. If there
are three occupations, then the production function for the good is

y=G(L,L,,L;)
where L, is employment in occupation i. We take L; to be the fraction of the population
employed in job i, so output is in per capita terms (G is constant-returns to scale).

An occupation is characterized by two numbers (e;,0;); e; is the amount of
education needed to perform the occupation, and o, denotes non-pecuniary aspect of the
occupation that matters to people. In the present model, I assume that ¢, does not vary
across individuals: it is a common value for all workers. (A generalization would relax
this assumption.)

The utility function of a worker of type ¥ is

u(x,J;y)=alogx+(1-a)logo, +ylog(E—e,),
where x is consumption of the good and J is the occupation performed. The parameter
a €[0,1] is a common value for all workers. The parameter 7 is distributed according to

a continuous distribution function F on the non-negative real numbers, associated with a

probability measure F and a density function f. We call ¥ a measure of laziness,

although this is a misnomer for why people have different values of the parameter. In

this example, we will take J € {1,2,3} where we index jobs in order of increasing

educational requirement, and we assume that:

e,=0<e,<e;<E. (Al)



We make no assumption about the values of {0, } except that they are positive

numbers.
Indeed, for simplicity of exposition only, we will assume that G is Cobb-Douglas:
G(L,,L,,Ly)= L/ I5L where c+ B+ =1.
Suppose that (w,,w,,w;) is a wage vector for the three occupations, and the price of
output is one. Then a worker of type ¥ chooses the occupation that satisfies:
J= argmaxu(wj,j;y).
i
We define a competitive equilibrium:
Definition 1. A vector (w,,w,,w;) and a distribution of occupations (I:l,iz,LA3)

comprise a competitive equilibrium when the price of output is one if:

A. (profit maximization) (il ,iz, £3) =argmaxG(L,L,,L;)—w-L
(Ly,Ly,L5)

B. (worker optimization) Exactly fraction L ; of workers choose occupation j.

Definition. An admissible allocation is a (measurable) assignment of each worker type

to an occupation I':R, — {1,2,3} and an allocation of output to worker

typesx : R, — R, such that
[x()dF(y)=G(L,.L,,Ly), where
L, =F(I(j).

Thus an admissible allocation is denoted (x(-),I'(:)).

Definition 3. An admissible allocation is Pareto efficient if there exists no other
admissible allocation which increases the utility of a set of agents of positive measure,
and decreases the utility of none.

Remark. Note that by assumption (A1), any admissible allocation that produces a
positive amount of output, in which all workers receive positive output, strictly Pareto
dominates the null allocation where nobody works.

We denote an allocation with positive output as a non-null allocation.



We work with three occupations here, because the model with two occupations is
very simple. However, the model with three occupations involves the full complexity of

the problem, and generalizes easily to any finite number of occupations.

Theorem 1. If ()?,f‘) is the admissible allocation associated with a non-null competitive
equilibrium (W,,w,,w,) =W, then it is Pareto efficient.

The proofs of theorems 1 and 2 are in the appendix below.

Theorem 2.

A. If a #0, then there exists a non-null competitive equilibrium.

B. If a=0 and
logﬁ logﬁ
9 > 9% (y
E—e,
log log
E-e, E—e,

then there exists a non-null equilibrium.

4. Further discussion

Clearly, the parameter a in the utility function measures the relative importance of
non-pecuniary aspects of the occupation to it pecuniary aspect. If a is close to one, then
wages are important in motivating occupational choice; if a is close to zero, then non-
pecuniary aspects are important. These two cases correspond, roughly speaking, to the
cases where the labor market is important as an incentive device, and as a co-ordinating
device, respectively.

Let us take the extreme case when a=0. Then wages have no effect on
occupational choice. Workers sort themselves into occupations based entirely on their
non-pecuniary characteristics. What does the market do? It adjusts real wages so that
the profit-maximizing firm demands occupational labor which corresponds exactly to
what workers have chosen.  The market coordinates the firm’s occupational demands
with those supplied inelastically by workers. There is no incentive problem that the

market must solve, as far as workers are concerned. (In this model, I have abstracted



away from the problem of firm formation, having chosen to focus on the problem of
labor.)
To study the effect of the parameter a on the allocation, it is simplest to work with

the two-occupation model. Thus, for now, let us assume that the occupations are
characterized by educational qualifications (e,,e,)=(0,e,) and by non-pecuniary

. . . . . _ rorl-o ..
characteristics (6,,0,). The production function is G(L,L,)=L/L;”. The competitive
equilibrium will be characterized by a triple (7}, w,,w,) where the worker of type Y is
indifferent between the two occupations, all workers with Y< Yy choose occupation 2,

and all workers with y>7" choose occupation 1. This condition and profit
maximization require the equations:

(1A) alogw, +(1-a)logo, +v log E = alog w,+(1-a)logo, +v log(E —e,))

I -o
2A =l =2
]

GA)w, = (l—oc)(%]

2

(4A)F(y)=L,and 1-F(y)=1L,.

These equations are easily solved for (Ll,Lz,y*, w,,w,); we have

N )

o F(Y) .
= 4.
Y z , 4.1)

log

E—€2

an equation whose solution gives us Yy, from which the other variables of the equilibrium
can be immediately computed. It is easily computed that

W, >w & o Fly )* (4.2)
o 1-F(y)
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so we may expect this inequality to hold, if this were a realistic economy. Since the
inequality in (4.2) means that (1—a)(1— F(Y))>oF (Y ), (4.1) immediately implies, if
a >0, that
(¢
log—2%

w,>w ey >(l—a)— 2 (43)
log

E—e2

Suppose that we wish to transfer income from the members of occupation 2 to
those of occupation 1. If we impose an income tax at rate T on members of occupation 2
and transfer the proceeds to members of occupation 1, what effect will there be at the
new equilibrium on the composition of the labor force? The equilibrium with this kind of

taxation will be characterized by the following equations:

l_ s
(¢

1 1 2

L -0l
2B =o =2
(2B) w, a[g}

(3B)w, =(1 oc)(Ll ]
2L

2

7

(4B)F(y)=L, and 1-F(y)=1L,
(5B) w,L, =tw/L,,
where 1’ is the fraction by which occupation-1 incomes increase (condition (5B) is the

budget-balance condition).  Since the budget-balance equation (5) allows us to express

7" in terms of T, we may write equation (1) as:

alog] 11_T (1= o) =)
1+—~>1 Y 1 2
(04

4.4)

3k

(0 *
]+ (1—a)log—2 =7 log E
(o) E
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We may now see the effect on occupational structure as taxation is imposed.
Think of the equilibrium value of " as an implicit function of T as defined by eqn. (4.4).
We may compute its derivative and evaluate it at T=0. We have:

—adl
E_, a(y)
E-e, LL,

2

dy*
—(0)= 4.5
i (0) 4.5)

log

where fis the density of F' and (y*,Ll,Lz) are the equilibrium values at the no-transfer
competitive allocation. Thus the change in the occupational structure becomes
vanishingly small as a becomes small. This is not a surprise: if pecuniary rewards are
relatively unimportant to workers, then income transfers have very little real effects, other
than the pure distributional effect.

The comparative statics with respect to changes in a are somewhat interesting.
From the equilibrium equations (1A)-(4A), we may view Y as a function of a; the

derivative at a competitive equilibrium is given by:

1- L
. logi( OC)CLSH
dy = (xczz , where kzlogEE .
Cl * _e
l+a —2 2
f(Y)kL

1

It immediately follows that

d_y* > 0 as d-oo,f, > 1

da < oo,L, <
) ) dy c w
We can re-write this as aq > 0as —L =~ L.
da < G, < W,

. . PN . . LW
Recall that an increase in y implies a decrease in the wage ratio —=, because the

W

marginal productivity of occupation-2 workers decreases, and therefore we infer from the

last set of inequalities that:
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aCH
L < Qas 2 < 22| (4.6)
da > G, > W

Thus, as the relative concern for non-pecuniary aspects of occupations increases (a
decreases) the relative wage can either decrease or increase. As a decreases, the relative

wage can increase, if the status ratio — is low. We cannot a priori associate high

G,

wage ratios with a greater relative concern for pecuniary rewards.
We can see why this is the case by writing the equilibrium equation (4.1) as

follows:

l-al-L c l1-al-L o
alog| —— 2 1+ (1—-a)log—= log—— 2 1k
g[ o L j ( ) gcl @08 o L o

E-e,
where k;is a positive constant and k,is a constant. The right-hand side of this equation is
a decreasing function of L, and the left-hand side is an increasing function of L, ; these

two curves intersect at the equilibrium value of L,. Now increase a. The intersection

l-ol-L, o, . . .
2 —L ig greater or less than unity. It is

value of L, will increase or decrease, as
o L, o,

obvious that either of these two cases can occur, because we can always choose constants

{o,0,,0,} to make the intersection anywhere we choose.

To re-enforce this point, I computed some equilibria for the following example. F

is the lognormal distribution with mean 20 and median 15.

(e,e,,0,,0,,0)=(0,10,1,5,0.5) and £ =30. We note that as a decreases, the wage ratio

w, . (0 . .. ..
—2 increases. (Here, —2 =35, which is indeed less than the wage ratio in all the
w

1 Gl

equilibria, as we must expect from (4.6).) Another way to observe the peculiar
comparative statics of this economy is that as workers become more concerned with
status (a decreases) the fraction of workers in the high-status occupation decreases.

So, in comparing economies, we cannot a priori conclude that ones in which there are
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more workers in high-status occupations necessarily are ones in which workers care more
about status. The false inference one might be inclined to make comes from ignoring the
production side of the economy, and how it adjusts efficiently to accommodate changing
relative preferences for consumption and status.

In Table 2, I present equilibria for the following economy with three occupations:
(o,3,6) =(0.5,0.35,0.15), (e,,e,.e,)=(0,10,20), (6,,6,,0,)=(1,20,30), E=30, and F
the lognormal distribution with mean 20 and median 15. We see again that as a
decreases, inequality of wages increases at the competitive equilibrium.

I propose that it would interesting estimate a for several countries — the US, UK,
France, and Sweden, for example. Clearly, if a is small, then redistributive income

taxation will have only a relatively small effect on occupational choice. ~ One source of

data for the parameters {G/} is the sociologists’ ranking of occupational status (e.g.,

Miller and Jones [2000]). These rankings would have to be converted to cardinal
numbers, presumably by assuming a simple functional form for relating rank to cardinal

value, and then choosing best fitting parameters for the function.

5. Conclusion

Let me apply the distinction I am trying to make between incentives and
coordination to Hayek’s critique of Oscar Lange’s market socialist proposal
(Lange[1936]). Lange suggested that the Center could propose prices to firm managers,
who would respond by reporting the production plans that would equate prices of output
to marginal costs, and the planners would then sum up and observe excess demands.
Through a procedure of taitonnement, Lange thought, equilibrium prices could be reached
in several iterations. Hayek’s [1935] critique was not the modern one, that titonnement
would perhaps not converge (see Scarf[1960]), and it was not that managers would game
the planners; it was that (1) there are too many prices to carry out this procedure, (2)
managers do not learn their cost functions until they are involved in competition and
production, and (3) new commodities and techniques are constantly coming into being in
areal market. Some might say that Lange thought the market was important only for

coordination, and that Hayek responded that incentive was the key issue.
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But from my viewpoint, both Lange and Hayek were thinking of the market as a
coordination device. The key point is that Hayek was willing to assume that managers
were ‘loyal and capable,’ that they would not game the system. I agree with Hayek’s
critique of Lange, but I think that the two views represented different conceptions of what
coordination involves. My earlier discussion of Hayek’s 1945 AEA address makes this
point.

It is not until the principal-agent model, mechanism-design with a focus on
strategy-proofness, and contract theory come into being, that the incentive position is put
forth in a strong way in economic theory. Perhaps the theoretically most self-conscious
critique of the view that the market is a coordination device is found in the work of Louis
Makowski and Joseph Ostroy (1995, 2001). The Makowski-Ostroy critique of general
equilibrium theory is very much a critique of Walsrasian equilibrium as a pure
coordination view, which minimizes the role of incentives. They challenge the view
that rational agents in the typical Walrasian model should be price-takers. Indeed, in
their theory, prices do not play a coordination function at all: as they write, prices are
what appear after the dust of competitive brawl lifts. For Makowski and Ostroy, a
competitive equilibrium is a special case of Walrasian equilibrium — where market
conditions make it rational for all agents to take prices as given. Surely, this is an
extreme view — it is the polar opposite of the Walrasian auctioneer, who announces prices
that everyone docilely accepts. There is, for Makowski and Ostroy, no ‘market’ as such
— but just a large set of individuals bargaining with each other. (See also Makowski and
Ostroy (1993), where the authors discuss the market-socialist debate between Hayek and
Lange in light of their views, and Roemer (1994) for a history of that debate.)

In reality, both the Walrasian view and the Makowski-Ostroy view are too
extreme. Surely, prices have, in general, both a coordination and an incentive function.

Let me emphasize, again, that I have not succeeded in conceptualizing generally
the distinction between the coordination and incentive functions of the market. It is an
empirical question how important the market is for incentives. We are concerned with
what motivates people: are they simply concerned with maximizing their wealth, or are
they concerned with being respected by others, getting pleasure from their work,

following social norms about what kind of work to take, and so on?
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One interpretation of the evolution of economic theory from Walrasian
equilibrium to contract theory is that economists have simply become more sophisticated:
it is progress of the science. Another possibility is that, as capitalism developed from
1870 to 1970, social norms and individual ‘preferences’ that emphasized non-materialist
values gradually dissolved under the acid influence of the market — an aspect of Marx’s
commodity fetishism -- so that, in fact, people in advanced capitalist economies became
much more like the rational agents of the Gibbard-Satterthwaite theorem®. Thus, the
principal-agent model reflected a new reality, rather than the maturity of economic
theory. Of course, with hindsight, contemporary economists look back to Adam Smith

and find incentive theory, but that could be simply the historical version of data mining.
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Appendix: Proofs of theorems

Proof of Theorem 1:

1. Suppose the claim were false, and let (x,I") be an admissible allocation which Pareto

dominates (i,f‘) . Indeed, we suppose that every worker is strictly better off in the
dominating allocation, to simplify the argument.

2. We define nine possible groups of worker; group (i, j) are those worker types for

whom f(}/) =iand I'(y)=j. For workers in any group (i,i) it must be that

x(y)> V?"i
for these workers are better off in the dominating allocation than at the equilibrium
allocation.

Now consider a worker in a group (i,j), j#i. Itmustbe that;

x(y)>w,
because at the competitive equilibrium, a member of this group chooses occupation i,
which was therefore at least as good for him as occupation j, and in the new allocation he
is better off than he was at equilibrium in occupation i.

It therefore follows that
(V@ €)= x(y)>w)).

Because by hypothesis the equilibrium is non-null, it follows that the allocation
(x,I') is non-null, and thus for each j € {1,2,3} there is an i such that (i, j)) # & (that s,
all occupations are occupied at the allocation (x,I"), or it could not possibly P-dominate
&1).)
3. Consider the group formed by the union (1,1) U (2,1) U (3,1). These are the workers
who are employed in occupation 1 at the allocation (x,I"). For these workers,
x(y)>w,. Likewise, for workers in the groups (1, /) U (2, /) U(3,)), forj=2,3, we
have x(y)>w,. Butthe group (1, /) (2,/) U (3,j) comprises exactly the workers
assigned occupation j in (x,I'). Therefore, at the wage vector w , the firm could have

hired workers in the occupational structure I', paid them the equilibrium wages, and have

a positive amount of output left over. Therefore, it could have produced positive profits
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at wages w , a contradiction to profit maximization at the competitive equilibrium, since
profits at the competitie equilibrium are zero, because G exhibits constant returns to
scale.

This contradiction proves the theorem. H

Proof of Theorem 2:

Part A:

1. Denote the simplex {(L,,L,,L;)I0<L, < I,ZLi =1} =A. The three vertices of the

simplex are (0,0,1),(0,1,0), and (1,0,0). Denote the set consisting of the simplex minus

its vertices by A.

2. Define the following three functions, which map A into the extended real line:

L
alogL +(1- a)logﬁ
AL)=—2—— 9
log

E-E,

L
a10g5 ! +(1—a)log$
B(L)=—"" O
log

E-E,

L
alog oL, +(1- a)logg
C(L)= 3 %
log

E-e,
E-E,

Note that these functions are well-defined (with range the extended reals) and continuous

on A. (In particular, the three functions are well-defined on the edges of A)

3. We next note that for all L € A, B(L) lies between A(L) and C(L). Write these

three expressions schematically as:
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aR+(1—-a)S
w

C(L):aTJr(;—a)V,

A(L)=

a(R+T)+(A-a)S+V)

B(L)= W +2)

L,

o
where R =log , etc.

1
Note by assumption (A1) that W and Z are positive numbers.
We have:

A(LYW +C(L)Z
(LW +CWZ W,
W+2Z W+2Z W+2Z
which proves that B(L) lies between A(L) and C(L).

B(L)= CL),

4. Now define the mapping ®: A — A as follows:

@, (L) =1- F(max[A(L), B(L)])
®,(L) = F(max[A(L), B(L)]) - F(min[ B(L),C(L)]).
@;(L) = Flmin[B(L),C(L)])

There are two cases to consider, according to step 4:
case I: A(L)=B(L)=C(L)
case 2: A(L)<B(L)<C(L)
In case 1, we have max[A(L),B(L)]= A(L),min[B(L),C(L)]=C(L), and it follows that
® (L)y=1-A(L),D,(L)=F(A(L))— F(C(L)),®,(L)=F(C(L)) and so
zq)i(L) =1. Incase?2, wehave @ (L)=1-F(B(L)), ®,(L)=0,D,(L)=F(B(L)).

Therefore, ® maps Ainto A. Indeed, ® is continuous and single-valued on A.

5. We now extend ® to the vertices of A. Define:
®(0,0,1)={(x,1—x,0)I0<x <1}
®(0,1,0)={(x,0,1-x)I0<x <1}.
®(1,0,0)={O0,x,1-x)I0<x <1}
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Thus ®:A —-— A, and @ is non-empty, convex valued. To show that @ is upper

hemi-continuous, we need only check its behavior at the vertices.

To this end, consider the vertex (0,0,1), and take any sequence (L, L,,L;)— (0,0,1).

Because a >0, B(L)—> —o and C(L')— —~. Now we can choose a subsequence of
. L . .
the given sequence such that — — k, for some & in the extended reals (this is always
2

possible). Denoting this subsequence again by {L'}, we have that

alogﬁ+ (1- a)log2
AL —» ———— L = ¥ e[ em,0].
log

E—e,
It follows that ®,(L)—0, ®,(L)—1-F(x'), ®,(L')— F(x). Thus
lim®(L') € ®(0,0,1), and so ® is u.h.c. at (0,0,1). Similar arguments show that @ is

u.h.c. at the other two vertices as well.

6. By Kakutani’s fixed point theorem, it follows that ® possesses a fixed point, denoted

A

L= (£1 ,L,, I:3) . We show that this fixed point must lie in the interior of A. By

construction, it is obvious that L cannot be a vertex. Suppose, now, that L were on an
edge: say it is of the form (0,L,,1—L,). Then, since a >0,

A(L)=—oo, C(L) is finite, and B(L) = —o. Therefore ®(0,L,,1-L,)=(1,0,0), so this is
not a fixed point. Similar arguments show that the fixed point cannot lie on any edge,
and so all its coordinates are positive.

7. Define the positive vector w as follows:

. aG(L) . BGUL) . G
W=——, W,=——, Wwy=—n—. (1)
Ll L2 L3

Note that if w is a wage vector (and the price of output is one), then L is the profit-
maximizing labor demand for the firm.

Which workers will choose occupation 1 at w? For this to occur, it must be that

u(w,,1;y) > max[u(w,,2;y),u(w;,3;7)]
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which expands, using (1), to yield:

¥ chooses J, when y > max[A(L), B(L)]. (2a)
In like manner, it can be shown that

¥ chooses J, when min[B(L),C(L)] <y < max[A(L), B(L)] (2b)
and

Y chooses J, when y < min[B(I:),C(I:)]. (2¢)

Suppose that ‘case 1’ holds, and indeed A(I:) > B(i) >C (I:). Then the mass of workers
who choose job 1 is 1 - F (A(f,)) , the mass of workers choosing job 2 is
F (A(i)) - F(C (I:)) , and the mass of workers choosing job 3 is F(C (i)) , and all these
masses are of positive measure. Now, invoking the fact that Lis a fixed point of @, we
see that the labor demand equals the labor supply for each occupation. Thus (v?/,i) isa
non-null competitive equilibrium.

The other possibility under case 1 is that A(I:) = B(i) =C (I:) . (There are the

only two possibilities.) In this case, all workers are indifferent among all jobs, and so the
labor supply at the given wage vector is the entire simplex; a fortiori, we have a

competitive equilibrium.

It is left to consider the possibility that ‘case 2’ holds, i.e., that
C(i) > B(i) > A(I:). But then, by step 4, @, (i) =0, contradicting the fact that L is

interior. Thus case 2 cannot occur. M to Part A.

Part B:

[ Note: The argument of step 4 above does not hold if a =0, because it would not
follow that B(L') and C(L") converge to —oo ]

8. We now suppose that a =0 and the inequality in Part B holds. Then we have for all
LeA ,
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log—=
A(L):—%EA*
log
E—e,
log—
C(L)=——F2—=C*
log 2
E—e,
log—2
B(L)= L__ =
lo
gE—Q

9. Let the inequality (A2) be strict. Then we have A(L)> C(L) for any L and hence
(since betweeness still holds), A(L)> B(L)>C(L). Thus

forany Le A, ®(L)=(1— F(A%), F(A*)— F(C*),F(C¥)),
and all three components are positive. Define

(L,,L,,L,)=(1— F(A¥),F(A*)— F(C¥),F(C¥)).
Then L isa strictly positive fixed point of ®@. Defining w by eqn. (1) again shows that
(W,L)isaC.E.
10. On the other hand, let (A2) hold with equality. Then all workers are indifferent
among the three occupations, for any wage vector. Hence any positive wage vector will
induce a profit-maximizing demand for labor which lies in the supply of labor

correspondence, and hence comprises a C.E.

11. However, if (A2) were false, there is no non-null C.E. For in this case, we would
have C*> B*> A* and ®(L) = (1- F(B*),0,F(B*)) forall Le A. Hence the only

fixed point entails zero labor in occupation 2, and therefore zero output.



Table 1 An economy with two occupations

Typesetter: please set the title of the last column as y

a L1l LL2 wl w2 gs

0.8 0.911337 0.0886627 0.155956 1.60302 5.39121
0.7 0.915084 0.0849156 0.152312 1.64137 5.29511
0.6 0.919244 0.0807559 0.148198 1.68693 5.18675
0.5 0.923896 0.0761038 0.143503 1.74212 5.06325
0.4 0.929146 0.0708541 0.138074 1.81063 4.92057
0.3 0.935136 0.0648643 0.131685 1.89847 4.75287
0.2 0.942067 0.0579328 0.123991 2.01627 4.55109
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Table 2 An economy with three occupations

a LL1 LL2 LL3 wl w2 w3

0.5 0.890994 0.104903 0.00410233 0.105503 0.62726 6.8743
0.4 0.882358 0.114352 0.0032907 0.105712 0.570987 8.50362
0.3 0.871857 0.125771 0.00237218 0.104682 0.507967 11.5423
0.1 0.8435 0.156004 0.000495738 0.0907429 0.343447 46.3198



